1a> ‘ol.iQ._:

KONKUR.IN

Forum.konkur.in
Club.konkur.in

Shop.konkur.in

Admin : Araz & Faraz RahbaR Email : Konkur.in@gmail.com



www.konkur.in

forum.konkur.in



SEVENTH EDITION

Student Solutions Manual

Calculus

A COMPLETE COURSE

Robert A. Adams

University of British Columbia

Christopher Essex
University of Western Ontario

Pearson Canada
Toronto

forum.konkur.in



www.konkur.in

Copyright © 2010 Pearson Education Canada, a division of Pearson Canada Inc.,
Toronto, Ontario

Pearson Addison Wesley. All rights reserved. This publication is protected by copyright,
and permission should be obtained from the publisher prior to any prohibited
reproduction, storage in a retrieval system, or transmission in any form or by any means,
electronic, mechanical, photocopying, recording, or likewise. For information regarding
permission, write to the Permissions Department.

ISBN-13: 978-0-321-59788-5
ISBN-10: 0-321-59788-5

Acquisitions Editor: Cathleen Sullivan
Associate Editor: Christina Lee
Production Editor: Mary Ann Blair
Production Coordinator: Sarah Lukaweski

12345 1312111009

Printed and bound in Canada.

forum.konkur.in



www.konkur.in

FOREWORD

These solutions are provided for the benefit of students using the textbook Calculus: A
Complete Course (7th Edition) by R. A. Adams and Chris Essex, published by Pearson
Education Canada. For the most part, the solutions are detailed, especially in exercises on
core material and techniques. Occasionally some details are omitted — for example, in
exercises on applications of integration, the evaluation of the integrals encountered is not
always given with the same degree of detail as the evaluation of integrals found in those
exercises dealing specifically with techniques of integration. With a few exceptions, only
the even-numbered exercises in the text are solved in this Manual.

As a student of Calculus, you should use this Manual with caution. It is always more
beneficial to attempt exercises and problems on your own, before you look at solutions
prepared by others. If you use these solutions as “study material” prior to attempting the
exercises, you can lose much of the benefit that can follow from diligent attempts to develop
your own analytical powers. When you have tried unsuccessfully to solve a problem, then
look at these solutions to try to get a “hint” for a second attempt.

Nov, 2008.
R. A. Adams Chris Essex
adms@math.ubc.ca essex@uwo.ca
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STUDENT SOLUTIONS MANUAL

CHAPTER P. PRELIMINARIES

Section P.1 Real Numbers and the Real Line
(page 10)

% = 0.09090909 - - - = 0.09

If x = 3.277777 - - -, then 10x — 32 = 0.77777--- and

100x — 320 = 7 + (10x — 32), or 90x = 295. Thus
x = 295/90 = 59/18.

Two different decimal expansions can represent the same
number. For insta_nce, both 0.999999... = 0.9 and
1.000000 - - - = 1.0 represent the number 1.

x < 2 and x > —3 define the interval [—3, 2).
x < —1 defines the interval (—oo, —1].

x < 4 or x > 2 defines the interval (—o0, 00), that is, the
whole real line.

If3x+5 <8, then 3x <8—5—3and x < 1. Solution:
("‘OO, 1]

If6_x > 3XT_4,then6—x26x—8. Thus 14 > 7x

and x < 2. Solution: (—o00, 2]

If x2 < 9, then |x| < 3 and —=3 < x < 3. Solution:
(_3y 3)

Given: (x +1)/x > 2.

CASEL If x >0,then x+1>2x,s0x < 1.
CASEIL If x < O,thenx +1 < 2x,s0 x > 1. (not
possible)

Solution: (0, 1].

Given 6x2 — 5x < —1, then 2x — 1)(3x — 1) < 0, so
either x < 1/2and x > 1/3,0or x < 1/3 and x > 1/2.
The latter combination is not possible. The solution set is

[1/3,1/2].

Given x2—x < 2, then x2—x—2 <0 so (x—2)(x+1) < 0.

This is possible if x < 2 and x > —1 orif x > 2 and

x < —1. The latter situation is not possible. The solution

set is [—1, 2].

Given: 2 .
X — x+1

CASE L If x > 1 then (x — 1)(x + 1) > 0, so that

3(x+1) < 2(x—1). Thus x < —5. There are no solutions

in this case.

CASEILIf -1 <x < 1l,then (x — 1)(x +1) <O, so

3x +1) > 2(x — 1). Thus x > —5. In this case all

numbers in (—1, 1) are solutions.

CASE IIL If x < —1, then (x — 1)(x + 1) > 0, so that

3(x+1) <2(x —1). Thus x < —5. All numbers x < —5

are solutions.

Solutions: (—o0, =5)U (-1, 1).

If|x—3|=7,thenx —3=47,s0 x=—4or x = 10.

30.
32.

34.
36.

38.

40.

42.

44.

10.
12.

14.

16.

18.

20.

22.

24.

26.

SECTION P2 (PAGE 16)

Ifll —¢t|=1,then1 —¢t=+1,s0t=0o0rt=2.
Ifl%—l‘:l,then%—1=:|:1,s0s=00rs=4.

If |x| <2, then x is in [-2,2].
If|lt+2 <1,then -2—-1 <t < —-2+1,s0tisin
(-3, -1).
If2x+5] <1,then —=5—1 <2x < -5+ 1,s0x isin
(-3,-2).

X 1 .
It ‘2 - -2-‘ < 35 then x/2 lies between 2 — (1/2) and
2+ (1/2). Thus x is in (3, 5).
x =3 <2lx| © x2—6x+9=(x —3)? <4x?

& 3x24+6x—9>0<¢ 3(x+3)(x—1) > 0. This
inequality holds if x < -3 or x > 1.

The equation |x — 1| =1 —x holds if |[x — 1| =—(x — 1),
that is, if x — 1 < O, or, equivalently, if x < 1.

Section P.2 Cartesian Coordinates in the
Plane (page 16)

From A(—1,2) to B(4,—10), Ax =4 —(=1) = 5 and
Ay =—10—-2=—12. |AB| =+/52 + (=12)2 =13.

From A(0.5,3) to B(2,3), Ax=2—-0.5=1.5 and
Ay=3-3=0. |AB|=15.

Arrival point: (—2, —2). Increments Ax = —5, Ay = 1.
Starting point was (—2 — (=5), —2 — 1), that is, (3, =3).

x2 + y? = 2 represents a circle of radius +/2 centred at
the origin.
x2 4+ y2 = 0 represents the origin.

y < x2 represents all points lying below the parabola

y = x2.

The vertical line through (\/5, —13)is x = /2; the
horizontal line through that point is y = —1.3.

Line through (—2,2) with slope m = 1/2is
y=2+(1/2)(x +2), or x —2y = —6.
Line through (a,0) with slope m = —2is

y=0-2(x —a), or y=2a—2x.

At x = 3, the height of the line x —4y =7 is

y= 3 —"7)/4 = —1. Thus (3, —1) lies on the line.
The line through (—2, 1) and (2, —2) has slope
m=(—2-1)/(2+2) = —3/4 and equation
y=1—3/4)(x +2) or 3x +4y = -2.

The line through (—2, 0) and (0, 2) has slope
m=(2—-—0)/(0+2) =1 and equation y =2 + x.

Ifm = —1/2 and b = —3, then the line has equation
y=—(1/2)x —3, or x +2y = —6.
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SECTION P2 (PAGE 16) R. A. ADAMS: CALCULUS
28. x +2y = —4 has x-intercept a = —4 and y-intercept 38. The line through (—2,5) and (k, 1) has x-intercept 3, so
b=—-4/2= -2 Its slope is —b/a =2/(—4) = —1/2. also passes through (3, 0). Its slope m satisfies
] 1-0_ _0-5__,
N, , k=37 342
\ * Thus k —3 = —1, and so k = 2.
x+2y=—4 40. —40° and —40° is the same temperature on both the
\ Fahrenheit and Celsius scales.
C 4
40
30
Fig. P.2.28 20
. 10
30. 1.5x —2y = —3 has x-intercept a = —3/1.5 = —2 and y-
intercept b = —3/(—2) = 3/2. Its slope is —b/a = 3/4. -50 -40-30 -20-10 10 2030 40 50 60 70 80F
y 01

A7 C= g(F—32)
=30
1.5x—2y= -3 /

/ ] (—40, —40)'40'

2504
' ‘ ' Fig. P.2.40
/ I 42. A=(0,0), B=(1,/3), C=(,0)

Fig. P.2.30 |AB| =\/(1 —02+(W3-02=+4=2
|ACI=v(2-02+(0-02=+4=2

=y

32. line through (—2,2) parallel to 2x + y = 4 is

2x +y = —2; line perpendicular to 2x + y = 4 is |BC| = \/(2 —124+0-3)2=+a=2
x —2y =—6. Since |AB| = |AC| = |BC|, triangle ABC is equilateral.
34. We have 44. If M = (%, ym) is the midpoint of P P, then the dis-
placement of M from P; equals the displacement of P,

2%+ y=8 = 1l4x+Ty=56 from M:

5x—7y=1 5x—7y=1. Xm — X1 = X2 — Xm, Ym — Y1 = Y2 — Ym-
Adding these equations gives 19x = 57, so x = 3 and Thus xp = (x1 +x2)/2 and ym = (y1 + y2)/2.
y =8 —2x =2. The intersection point is (3, 2). 46. Let the coordinates of P be (x,0) and those of Q be
36. The line (x/2) — (y/3) = 1 has x-intercept a = 2, and (X, =2X). If the midpoint of PQ is (2, 1), then

-intercept b = —3.
y-intercep: x+X)/2=2 (0-2X)/2=1.

y 4 /
; ; The second equation implies that X = —1, and the sec-
2 x ond then implies that x = 5. Thus P is (5, 0).

48. /(x —2)2+y2 = /x2 4 (y —2)? says that (x, ) is
equidistant from (2, 0) and (0, 2). Thus (x, y) must

% - ';i =1 lie on the line that is the right bisector of the line from
-3 (2,0) to (0,2). A simpler equation for this line is x = y.
50. For any value of k, the coordinates of the point of inter-
section of x + 2y = 3 and 2x — 3y = —1 will also satisfy
the equation
Fig. P.2.36 (x+2y—-3)+k2x—-3y+1)=0
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because they cause both expressions in parentheses to be 26.
0. The equation above is linear in x and y, and so rep-

resents a straight line for any choice of k. This line will

pass through (1, 2) provided 1+4—-3+k(2—6+1)=0,

that is, if k = 2/3. Therefore, the line through the point

of intersection of the two given lines and through the

point (1, 2) has equation
2
x+2y—3+§(2x—3y+1)=0,
or, on simplification, x = 1.

Section P.3 Graphs of Quadratic Equations

(page 22) 28.

24+ —22=4,0orx2+y2 —4y=0
(x—3)2+(y+4)2=25, orx2+y2—6x+8y=0.
x2+y2+4y=0

24y +ay+4=4

2+ (y+2)2=4
centre: (0, —2); radius 2.

24+y?—2x—y+1=0
-u+l+y?—y+i=1
2
=P (- b=
centre: (1, 1/2); radius 1/2.

x2 + y% < 4 represents the open disk consisting of all 30.

points lying inside the circle of radius 2 centred at the
origin.

x2 + (y — 2)% < 4 represents the closed disk consisting of
all points lying inside or on the circle of radius 2 centred
at the point (0, 2).

Together, x>+ y% < 4 and (x +2)% + y? < 4 represent the
region consisting of all points that are inside or on both
the circle of radius 2 centred at the origin and the circle
of radius 2 centred at (—2, 0).

x2 + y2 — 4x 4+ 2y > 4 can be rewritten

x =22+ (y+1?>9. This equation, taken together with
x +y > 1, represents all points that lie both outside the
circle of radius 3 centred at (2, —1) and above the line

x+y=1
Y 36.

The exterior of the circle with centre (2, —3) and ra-
dius 4 is given by (x — 2)? + (y + 3)2 > 16, or
x24+y2 —4x +6y > 3.

-1+ -3?%<10

The parabola with focus (0, —1/2) and directrix y = 1/2
has equation x2 = —2y.

38.
x2 4y >4,

The parabola with focus (—1, 0) and directrix x = 1 has
equation y? = —4x.

SECTION P3 (PAGE 22)

y = —x2 has focus (0, —1/4) and directrix y = 1/4.
y

y=1/4

0,1/4

Fig. P3.26

x = y2/16 has focus (4,0) and directrix x = —4.
y

(4,0)

x=—4
t\ x=y2/16

Fig. P.3.28

a) If y = mux is shifted to the right by amount xi, the
equation y = m(x —x1) results. If (a, b) satisfies this
equation, then b = m(a—x1), and so x; = a—(b/m).
Thus the shifted equation is
y=m(x —a+ (b/m)) =m(x —a)+b.

b) If y = mx is shifted vertically by amount y;,
the equation y = mx + y; results. If (a, b)
satisfies this equation, then b = ma + yi, and
s0 y1 = b — ma. Thus the shifted equation is
y = mx +b — ma = m(x — a) + b, the same
equation obtained in part (a).

4y =/x+1
(y/2) =+/dx +1

x2 + y2 = 5 shifted up 2, left 4 gives
(x+4*+ (@ -27?=5.

y = +/x shifted down 2, left 4 gives y = /x +4 — 2.

y = x2 — 6, y = 4x — x2. Subtracting these equations
gives

2x2 —4x —6=0,0r2(x —3)(x +1) =0. Thus x =3
or x = —1. The corresponding values of y are 3 and —5.

The intersection points are (3, 3) and (—1, =5).
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SECTION P3 (PAGE 22)

42. 2x?+2y* =5, xy = 1. The second equation says that
y = 1/x. Substituting this into the first equation gives
2x2 4 (2/x%) =5, or 2x* — 5x% + 2 = 0. This equation
factors to (2x2 — 1)(x2 — 2) = 0, so its solutions are
x = £1/+/2 and x = £+/2. The corresponding values
of y are given by y = 1/x. Therefore, the intersection
points are (1/+/2,v/2), (=1/+/2, —v/2), (v/2,1/+/2), and
(=2, —1//2).

44. 9x? + 16y% = 144 is an ellipse with major axis between
(—4,0) and (4, 0) and minor axis between (0, —3) and

0, 3).
y
T9x2416y2=144
Fig. P3.44
1 2
46. (x — 12 + Q—-:—z— = 4 is an ellipse with centre at

(1, —1), major axis between (1, —5) and (1, 3) and minor
axis between (—1, —1) and (3, —1).

+1)?
' yﬁl)z_'—yT:“
o x
1,-1
Fig. P.3.46
48. x? — y2 = —1 is a rectangular hyperbola with centre at
the origin and passing through (0, 1). Its asymptotes
are y = *+x.
Fig. P.3.48
4

50.

52.

R. A. ADAMS: CALCULUS

(x —1)(y +2) = 1 is a rectangular hyperbola with centre
at (1, —2) and passing through (2, —1) and (0, —3). Its
asymptotes are x = 1 and y = —2.

y_F \
. - .x

T~

Fig. P3.50

Replacing x with —x and y with —y reflects the graph in
both axes. This is equivalent to rotating the graph 180°
about the origin.

Section P.4 Functions and Their Graphs
(page 32)

f(x) =1 — /x; domain [0, 00), range (—o0, 1]

F(x) = 1/(x — 1); domain (—o0, 1) U (1, c0), range
(—00,0) U (0, c0)

g(x) = [~ T
(—00,0) U (0, 00). The equation y = g(x) can be solved
for

x=2-010-= (l/y))2 so has a real solution provided

y#0.

2; domain (2, 3) U (3, 00), range

y graph (a) y graph (b)

x \x

y graph (c) y t  graph (d)

\ =

Fig. P4.8

\ x

a) is the graph of x(1—x)2, which is positive for x > 0.
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b) is the graph of x% — x3 = x%(1 —x), which is positive 26.
if x <1.

c) is the graph of x —x*, which is positive if 0 < x < 1
and behaves like x near 0.

d) is the graph of x> — x*, which is positive if
0 < x < 1 and behaves like x> near 0.

X fx)=x23
0 0
+0.5 0.62996 28.
+1 1
+1.5 1.3104
+2 1.5874
y
y = x2/3
— 30.
X
Fig. P4.10

Ffx)=x34+xisodd: f(—x)=—f(x)

fx)= 1_1 is even: f(—x) = f(x)

x2

| )
fx) = ) is odd about (—4, 0): 32.

f(-4=x)=—f(=4+x)

f(x) =x3 —2 is odd about (0, —2):
fE=x)+2=—(f(x)+2)

f(x) =|x+ 1] is even about x = —1:

F1=x) = f(-1+x)

fx) =+/(x —1)? is even about x = 1:
fA=-x)=fQQ+x)

34.

y=1-x

/TN

forum.konkur.in
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y=(x—1)%+1

I

X
y=(x+2)*

y=lx|-1

(PAGE 32)
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38.

40.

42.

44.

SECTION P4 (PAGE 32)

x=2

x=1

1,3)
1 /\y;f ()+2
" 2)

www.konkur.in
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46.

L. | LD
y=1-f(1-x)

X

48. Range is approximately (—oo, 0.17].

Fig. P4.40(a)

Fig. P.4.40(b)

@1

_1‘

)y=f(x—1)

(-1LD
y=f(=x)

T

3

=y

|
N

Yt y=017
1 2 3 4 x
_ x—1
y—x2+x
|
Fig. P4.48
y=fx)-T x
2,-1)
50.
O e
y_2—2x+x2
2/&
—
5 4 3 2 - 1 2 3 4 x
-1
Fig. P4.50

Apparent symmetry about x = 1.
This can be confirmed by calculating f(2 — x), which
turns out to be equal to f(x).
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STUDENT SOLUTIONS MANUAL SECTION P5 (PAGE 38)
6

Y ¥ Yax+s sl .y—x )

4 .

3 t ’.’,." y = |x| //
2 N \\\ ',Il

11 1 S y=lx-2l
T S . A 3 . I N .
> ] * - 5 3 4 5 =

2 -1

Fig. P4.52

Apparent symmetry about (—2, 2).

This can be confirmed by calculating shifting the graph
right by 2 (replace x with x — 2) and then down 2 (sub-
tract 2). The result is —5x/(1 + x2), which is odd.

8. f(x)=2/x,8(x)=x/1-x).
fof(x)=2/2/x)=x; D(fof)=x:x#0)
fog(x)=2/(x/(1 —x))=2(1-x)/x;

Section P.5 Combining Functions to Make D(fog)={x:x#0,1}

New Functions  (page 38) g0 f(x) = @/0)/( = @/x) =2/(x = );
D(gof)={x : x#0,2}

gogx)=(x/(L =x))/(l = (x/(1 —x))) =x/(1—2x);
Dgog)=1{x:x#1/2,1
2. fx)=+1—x,g(x)=+/1+x. o8 =1 #1210

D(f) = (=00, 1], D(g) = [—1, 00).

D(f +8)=D(f —8)=D(fg) =[-1,1],

D(f/g) = (-1,1], D(g/f) =[-1,1).

f+ex)=+v1—-x+/1+x

(f-8@x)=+v1-x—-+/1+x

(fe)x) =v1—x2 10, f)=@E+D/(x—-1)=1+2/(x—1), g(x) = sgn(x).
= 2/(x —1) = 1) =x;
=\/—1—_————1——— fof(x)=14+2/1+(
(f/8)(x) (1 =x)/(1+x) D(fof)=lx:xstl)
&/NHx)=vA+x)/1=x) senx + 1
fogx)= sgnx—1 =0; D(fog)=(-00,0)
x+1 1 ifx<-lorx>1,
& y ; g°f(")=sg“(x_1)= -1 if-l<x<1 '
o\\ = —x Dgof={x:x#-1, 1}
\\ 1. gog(x)=sgn(sgn(x)) =sgn(x); D(Eog ={x:x#0}
) g(x) fog)
11. x2 x+1 (x +1)?
2 < 12. x—4 x+4 x
. 13. Jx x2 |x]
N 14. 2x3 +3 x173 2x +3
15. (x +1)/x 1/(x—1) x
16. 1/(x + 1)? x—1 1/x2
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SECTION P5 (PAGE 38)

y=2x

<\y=2x—1

2

V=—(1/2) (3

y=fx/3)

——e
w
o
=

y 3
y=2f((x=1)/2)
T s X
-2y
y=gx)
] 11
X

[x] =0for0<x<1;[x]=0for -1 <x <O.

30.

32.

34.

10.

R. A. ADAMS: CALCULUS

[—x] = —|x] is true for all real x; if x = n + y where n
is an integer and 0 < y < 1, then —x = —n — y, so that
[-x] = —n and |x]| = n.

f(x) is called the integer part of x because | f(x)|
is the largest integer that does not exceed x; i.e.
x| =1f(x)|+y, where 0 <y < L.

y
@0
@0
X
o—e y=f)
o—e
Fig. P5.32

f even & f(—x) = f(x)

fodd & f(—x)=—f(x)

fevenandodd = f(x) =—f(x) =2f(x)=0
= f(x)=0

Section P.6 Polynomials and Rational Func-
tions (page 44)

x2—3x—10=(x —5)(x +2)
The roots are 5 and —2.

Rather than use the quadratic formula this time, let us
complete the square.

32 —6x+13=x*2—6x+9+4
= (x — 3)2 4+ 22
= (x —3=2)(x — 3 +2i).

The roots are 3 + 2 and 3 — 2i.

x4+ 6x3 +9x2 = x2(x2 + 6x + 9) = x%(x + 3)%. There
are two double roots, 0 and —3.

P=1=02=-DE2+ D =(x - D&+ Dx —i)x +1i).

The roots are 1, —1, i, and —i.

¥ —xt—16x+16 = (x — )(x* — 16)
=@x-DE2=-HE*+4)

=(x -1 —-2)(x +2)(x —2i)(x +2i;

The roots are 1, 2, —2, 2i, and —2i.
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0 —axT — xS paxt = x4 -2 —axd 4+ 9)
= )«74()«73 - 1)()«:2 —4)

=x*x - D =D +2)&xZ+x+1).

Seven of the nine roots are: O (with multiplicity 4),
1, 2, and —2. The other two roots are solutions of
x2 4 x +1 =0, namely

_-1x/T-4

1,43
2 T2

:tTl.

The required factorization of x° — 4x7 — x% + 4x*

x4(x—1)(x—2)(x+2) (x - % + :/_§l) (x — —1- - ?l) .

2

x2 _ x*45x+3-5x—-3
x2+5x+3 x24+5x+3
_ —5x -3
- x24+5x+3°
+x? x@P+x?+ ) —x3—x+x?
x34+x241 " BHx241
—(x3+x2+1)+x2+l—x+x2
=x+
3 +x2+1
1_|_2)cz—x+1
=x— = .
x34x241

Let P(x) = anx" + ap_1x""1 + -+« + a1x + ag, where
n > 1. By the Factor Theorem, x + 1 is a factor of
P(x) if and only if P(—1) = O, that is, if and only if
ag—aj+ax—a3+---+(—1)"a, = 0. This condition says
that the sum of the coefficients of even powers is equal
to the sum of coefficients of odd powers.

By the previous exercise, z = u — iv is also a root of
P. Therefore P(x) has two linear factors x — u — iv
and x — u + iv. The product of these factors is the real
quadratic factor (x — u)? — i%v? = x? — 2ux + u? + 12,
which must also be a factor of P(x).

Section P.7 The Trigonometric Functions
(page 56)

-3 3
tan — = —tan — = —1
4 4
sin -i[- = Sin JT+£)
12 4 3
—sinncs +cosns
=smyceosy i)
_ 11 143 _1+43
227 A2 2B

6.

10.

12.

14.

18.

SECTION P.7 (PAGE 56)

4 kg
sm—lz—_sngI i
=sin(§—z)

. T b4 T,
=sm—cosz—cos§smz
(V3 1 1 1
-(%)(A)-6) )

V3-1
T2

sin2mw — x) = —sinx

0S 3m +x ) =cos 3 cosx—sin3—nsinx
o\ 2 ) 2

= (—=1)(—sinx) = sinx

fanx — cotx (cosx sinx
tan x + cot x Sin x cosx)

sinx cosx )

(cosx smx
2x —cos?x
( cos x sinx )
sin? x+cos X
( cosxsmx )

I'l x—cos X

(1 —cosx)(1 +cosx) =1 — cos?x = sin?x implies
1—cosx sinx
- = . Now
sinx 1+ cosx
) X
1—cosx _ 1 —cos (E
sinx : 2({)
sin )
x
- 250" (7))
B ( sin 3
= x
2 —cos -
sin )
sm —
) X
= = tan —
cos z 2
2
cosx — sinx (cos x — sinx)?

cosx +sinx  (cosx + sinx)(cosx — sinx)
2

cos? x — 2sinx cos x + sin? x
- cos? x — sin? x
1 — sin(2x)
cos(2x)

= sec(2x) — tan(2x)
cos 3x = cos(2x + x)
= ¢0s 2x cOs x — sin 2x sin x
= (200s2x —1)cosx — 2sin® x cos x
=2cos3x —cosx —2(1 — cos? x) cos x

=4cos’x —3cosx
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SECTION P7 (PAGE 56)

20. sin% has period 47.

22. cos %{ has period 4.

1

T 27 x

=

/\
NV

Fig. P7.22

24.
y=1+sin (%)

i
26. tanx = 2 where x is in [0, %]. Then
sec?x =1+tan’x = 1+4 = 5. Hence,
1
secx = +/5 and cosx = = —,
sec x 35
. 2
sinx =tanxcosx = —.
V5
5 R L4
28. cosx = T where x is in [E”] Hence,
25 12
sinx =1 —cos?2x = ./[1 — — = —
in x cos? x 65 = 13’
tanx = 12
=-=

1
30. tanx = 3 where x is in [, -3;-]. Then,

2
secx =1+ — = —. Hence,
+4 2

2
7

5
secx = ——, COSX = —

sinx =tanxcosx = —

Sl

10

AN
N

32.

34.

36.

38.

40.

42.

44.

46.

48.

50.

R. A. ADAMS: CALCULUS

a
cosB=—=a=ccosB
c

a
sin A

w»
2
=]
>
il
1R ol o8

sin A =c=

a
N

Given thata =2,b=2,¢c =3.
Since a? = b? + ¢ — 2bccos A, A
a2 _ b2 _ (:2
—2bc
_4-4-9 '3 y b
T 203 47

sinA =

COSA =

B C
T a
Given that a =2, b =3, C=Z.

7 12
2 = @452 —2ab cos C = 44+9-2(2)(3) cos = = 13— —.
@3 7 7
Hence 13 12 2.12479
ence, ¢ = - —=2. .
V2
Given that a =2, b =3, C = 35°. Then
¢ =4+9—2(2)(3) cos 35°, hence ¢ ~ 1.78050.
in B inA 1
fa=1b=2A=30, thn or = 302 _ ~
b a 2
1 3
ThussinB=£2-=—,B=£or —n,and
2 V2 4 4
T T 3n =& T
C—Tl’—(z+g)——1—2-Ol‘C—-N—(—Z"-i-g)—E.
7 1-4/3
Thus, cosC = cos-li;- = Cos (%+%) = 2«}-2/_ or
1 T W 14++/3
cosC—-cosE_cos(S——z>— Wik
Hence,

2 =a*+b?-2abcosC
=142-2+v2cosC
=3—(1—=+3)or3—(1++3)
=243 0r2—+3.

Hence, c=\/2+«/§or \/2—«/5.
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/6

Fig. P.7.50

52. See the following diagram. Since tan40° = h/a, there-
fore a = h/tan40°. Similarly, b = h/tan70°.
Since a + b = 2 km, therefore,

h ho
tan40° ' tan70°

2(tan 40° tan 70°)

= —————— °* x1.286 km.
tan 70° + tan 40°
Balloon
h
40° 70°
A a b B
Fig. P.7.52

54.

SECTION P.7 (PAGE 56)

From Exercise 53, area = %ac sin B. By Cosine Law,

a? +c% -2
2ac

2 2 _ p2\?
nB = \/1 g
2ac
_ —a* — bt — c* + 2a2b? + 2b2C2 + 2a3c?
- 2ac ’

cos B = . Thus,

V—at —b* — c* + 2a%b? + 2b2c? + 2a2c?

Hence, Area = 2

square units. Since,

s(s—a)is —b)s—c)
_bt+ctabt+c—aa-bt+ca+b-c
- 2 2 2 2

= % ((b + c)2 — a2) (a2 — - c)2)

- % (a2((b +0)2+(b— 6)2) —dt - - c2)2>
_1
T 16

(2a2b2 42222 —at — b — P+ 2b2c2)

Thus +/s(s — a)(s — b)(s — ¢) = Area of triangle.

11
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SECTION 1.1 (PAGE 62)
CHAPTER 1. LIMITS AND CONTINUITY
Section 1.1 Examples of Velocity, Growth
Rate, and Area (page 62)
2.
h Avg. vel. over [2,2 + h]
5.0000
0.1 4.1000
0.01 4.0100
0.001 4.0010
0.0001 4.0001

4. Average volocity on [2,2 + h] is

Q+h)?—4 4+4h+h*>—4 4h+h?

= =4+ h.
R 7 3 +

As h approaches O this average velocity approaches 4
m/s

6. Average velocity over [z, ¢ + k] is
3¢+h)?—120¢+h)+1—(3t2 —12t +1)
(t+h)—t

h+3h2—-12
=6t+3+1h=6t+3h—12m/s.

This average velocity approaches 6t — 12 m/s as h ap-
proaches 0.

At t = 1 the velocity is 6 x 1 — 12 = —6 m/s.

At t = 2 the velocity is 6 x 2 — 12 = 0 m/s.

At t = 3 the velocity is 6 x 3 — 12 = 6 m/s.

8.  Average velocity over [t —k, t + k] is
3¢ 4+k)? —120+k) +1—[3¢ —k)? - 12t — k) + 1]
C+k)—@—-k
1
= ﬁ(sﬂ 46tk 43k — 126 — 12k + 1 — 3¢% + 6tk — 3k?

+12t—12k+1)

12tk — 24k

=6t —12
T 6 m/s,

which is the velocity at time ¢ from Exercise 7.

10.  Average velocity over [1, 1 + h] is

1 1
2+ —sinw(l +h) — (2+ —_ sinn)
T T

h
__sin(wr +mh)  sinw cos(wh) + cos  sin(rwh)
- h - h
_ sin(irh)
- ah

12

R. A. ADAMS: CALCULUS

h Avg. vel. on [1,1+ k]
1.0000 0
0.1000 -0.983631643
0.0100 -0.999835515
0.0010 -0.999998355

12. We sketched a tangent line to the graph on page 55 in
the text at ¢+ = 20. The line appeared to pass through
the points (10, 0) and (50, 1). On day 20 the biomass is
growing at about (1 — 0)/(50 — 10) = 0.025 mm?/d.

14. a) profit

175
150 +
125 +
100 +
75 +
50 1
25 ¢

year

2000 2001 2002 2003 2004
Fig. 1.1.14

b) Average rate of increase in profits between 2002 and

2004 is
174 -62 112

2004 — 2002 2
¢) Drawing a tangent line to the graph in (a) at

t = 2002 and measuring its slope, we find that

the rate of increase of profits in 1992 is about 43

thousand$/year.

= 56 (thousand$/yr).

Section 1.2 Limits of Functions (page 70)

2. From inspecting the graph

Fig. 122

we see that

lim g(x) does not exist
x—>1
(left limit is 1, right limit is 0)
lim g(x) =1, lim g(x) =0.
x—>2 x—3

4. xl_l)r{:_ gx) =0
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STUDENT SOLUTIONS MANUAL SECTION 1.2 (PAGE 70)
lim g(x)=0 34. 1lim ! - !
x—>3— =2 \x—2 x2—4
x+2-1
lim3(1 —x)2—x)=3(-1)2-2) = = lim ———
Jlim 1 =x)2 —x) =3(-1)( )=0 }1_)1112 G- 12)
= lim x+1 does not exist
L Gl S T (-2 +2) :
t>—44—1t 4+4
2 _1 . Bx—=1]—-13x+ 1]
im = = lim (x - 1)=-2 36. lim
x—-1x+1 x—>—1 x>0 X N )
i G- D?-Gx4 D)
im x2 +2x . x -2 1 T x>0x(13x — 1 +[3x + 1))
= 1 = —_—= = _ _
x—>-2 x2—4 x—>=2X—2 -4 2 = lim 12x = = —
x=0x(3x =1+ B3x+1)) 1+1
i 3h +4h% 34, ¢ exist: denom
h>0 573 = Jim P oes not exist; denomi- ,
nator approaches 0 but numerator does not approach 0. 38. fx)=x
fa+R) - fx) L (x+hP =2
/ — lim ———= = lim ————
lim # hl—% h hl—r&) h
h—0 2 2,33
i 44 h—4 =}}in%3xh+3;lxh +h
T h>0 h(J/4 ~
—0 h( 1+h+2)1 = lim 3x2 4 3xh + h? = 3x2
= hm —_— = — h—0
0 JE+h+2 4
i —2=|—4| = 1742
Jim |x 2| =|—4] =4 40. fx)=1/x
1 1
—2 i - 17 2
fim X2 [ ifx>2 fim JETD -G _ L a2 x
x—>2 X — =2 | -1, if x <2. h—0 h h—0 h
- 2 2 2
Hence, lim Ix = 2| does not exist. = lim = (" +2xh +h%)
X2 X — h=0  h(x +h)%x2
N/ peyrrge - lim 2x+h 2x _ 3
lim Y2 T X7 0 (x+h)2x2T x4 K8
x—=2 x—2
. lx =2 .
= lim does not exist.
x—=2 x—2 42. fx) = 1/*/;
1 1
x2 -1 x=-DEx+DWx+3+2) - —
li =1 h) — /
et /x+3—2 o (x+3)—4 1imM=lim__x_M
I DWx+3+2) = QWa+2 =0 h h0 h
_xgnl(x+ JVx+3+2)=2)(vV4+2)=8 =1imf_m
1y 12 A >0 h/x/x+h
lim ST 6D H gy ~ im x—(x+h)
s—0 N s—>0 § h—>0hﬁ ’_x+h(ﬁ+ ’_—x+h)
fim 1! = lim -1
0 a1l h=0 XX T h(/% + Vx+h)
— lm (x+1)(x2—x+1)_3 _ 1
e x+1 - 2x3/2
. x3 4
lim ———— 44. lim cosx =cosm/4=1/+/2
x—>8 x1/3 -2 x—m/4
i @ =26 42
T x> (x173 - 2)
= lim@x'? +2)=4 46. lim sinx =sin2w/3 =+/3/2
x—8 x—2m/3
13
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56.

58.

60.

62.

64.

66.

68.

70.
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SECTION 1.2 (PAGE 70) R. A. ADAMS: CALCULUS
V4
x (1 — cos x)/x? 0.8+
\ j
£1.0 0.45969769 06T
£0.1 0.49958347 _ sin@nx)
+0.01 0.49999583 041 7= GnGrr)
£0.001  0.49999996 o2l
0.0001 0.50000000 ’
. l—cosx 1 008 004 T0.04 008 %
It that 1 D . : . :
appears tha ng%) x2 2 -0.2 +
N . 041
111'51_‘_ 2 — x does not exist.
x—>
Fig. 1.2.70
lim +v2—-x=2
x——2+
lim «/x3_— =0 limy_0 sin(2mrx)/sin(3wx) = 2/3
x—>0— 72.
y
lim vVx2—x*=0
x—>0+
-0.2 +
i lx—a| i x—a 1
x—l>r¢£l+ x2—qa2 xl)l}}_‘_ x2—a2 24 04 +
m 240 o
=2+ x+2] 4 0.8 1
. . 2 -1.0 {
lim f(x)= lim x*+1=1+1=2
x—=>—1+ x—>—1+
-1.2
lim f(x)= lim x> +1=1 Fig. 1.272
x—>0— x—>0—
L ox—\x
lim = =-1
If limx — af(x) =4 and lim g(x) = —2, then x>0+ s x
xX—a

a) xli_%(f(x) +g(x)) =4+ (-2)=2
b) xll_f)l}z f(x)-glx) =4 x(-2)=-8

©) lim 4g(x) = 4(-2) = -8

. fx) 4
R
If lim f(_;c) = —2 then
x—>0 x
limeeso () = limy 022 L8 = 0 x (-2 = 0,
and similarly,
limy_o M = lin})x f(—f) =0x(=2)=0.
X xX—> X
74. Since v/5—2x2 < f(x) <+/5—x2for -1 < x <1, and
limy_50+/5 —2x%2 = lime_ 05 —x? = /5, we have
limy_0 f(x) = /5 by the squeeze theorem.
14
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Fig. 1.2.76

b) Since the graph of f lies between those of x? and
x*, and since these latter graphs come together at
(£1, 1) and at (0, 0), we have limy+; f(x) = 1
and lim,_,¢ f(x) = O by the squeeze theorem.

1
f(x) = s sin — is defined for all x # 0; its domain is
(—00,0) U (0, 00). Since |sint| < 1 for all ¢, we have
[f@)| < |x| and —|x|] < f(x) < x| for all x # O.
Since lim; 0 = (—|x|) = 0 = limy_0 |x|, Wwe have
limy_0 f(x) = O by the squeeze theorem.

Section 1.3 Limits at Infinity and Infinite
Limits (page 77)

. x2-2
lim >
X—>—00 X — X
) 2
T2 1
= lim X = =1
X—>—00 —1
-—1
x
] sinx
x? +sinx . + x2 1
lim 2——11m cosx='=1
X500 xZ 4 cosx  x>00; 1
2 .
. sin x ..
We have used the fact that limy_, oo —— = 0 (and simi-

2
larly for cosine) because the numerator is bounded while
the denominator grows large.

10.

12.

14.

16.

18.

20.

22.

24.

26.

28.

30.

32.

SECTION 1.3 (PAGE 77)

. 2x -1
lim ——
500 /3x2 +x +1
1
x(2——-)
= lim X (but [x] = x as x — 00)
xX—>00 1 1
xly/3+ -+ =
x X
1
2-— 2
=% T VZ]
x—
34+ -+
x
x — 5 2x -5 2

x—l-:IPoo 13x + 2| = x—>r—noo —(3x+2) = 3

lim ——— =
3B —x)2
lim —
m
x—3+3—x

2x +5
m
x—>-2/55x + 2

= -0

does not exist.

m 2x+5
1 =
x—>=2/5+5x +2

lim
x—>1-

=00
1—x

lim =00
x—>1-|x — 1|

im Y F ! 00
im ——— = lim —— =—
x—>l+ x —x2 xol+ /X2 _x
3
B3+3 T+t
m = lim = 00
x-—>oox2+2 x—>ool 2
2

im (2~ 2 )= =-2
x—l->nolo x+1 x—1 —x—->ngox2—1_

lim (\/x2 +2x —V/x2 - Zx)
xX—> 00
- x242x — x>+ 2x
i
x—>00 \[x2 4 2x4+ Vx2 —2x
X

I
5

1 1
x>=00 /x2 4+ 2x —x =% |x|(/1+(2/x) +1

15

forum.konkur.in



34.

36.
38.
40.
42.

46.
48.

50.
S2.

54.

www.konkur.in

SECTION 1.3 (PAGE 77)

Since lim >—> — 2 and fim 220 2
—_— == im ——— = ——
x—>00 |3x + 2| 3 x—>-00 |3x + 2| 3’

y = =£(2/3) are horizontal asymptotes of
y = (2x — 5)/|3x + 2|. The only vertical asymptote
is x = —2/3, which makes the denominator zero.

lirnl fx) =00
lim f(x) =2
xl—igl+ f(x) =00
Jim @ =0
lim f(x)=0
x—5+

horizontal: y = 1; vertical: x =1, x = 3.

lim [x] =2
x—>3—

li =2
x—gg.S |_XJ

lir_n3 ~ lx] =—4
i )= L
(@ If f is even, then f(—x)= f(x).
Hence, lil‘(I)l_ fx)=1L.
(b) If f is odd, then f(—x) = —f(x).
Therefore, lil‘(I)l_ fx)=—-L.

Section 1.4 Continuity (page 86)

g has removable discontinuities at x = —1 and x = 2.
Redefine g(—1) = 1 and g(2) = 0 to make g continuous
at those points.

Function f is discontinuous at x =1, 2, 3, 4, and 5. f
is left continuous at x = 4 and right continuous at x = 2
and x = 5.

y ;

16

10.

12.

14.

16.

18.

R. A. ADAMS: CALCULUS

sgn x is not defined at x = 0, so cannot be either continu-
ous or discontinuous there. (Functions can be continuous
or discontinuous only at points in their domains!)

x ifx<-1. .
X)) = . is continuous everywhere on the
f ( ) [ x2 if x > -1 Ty
real line except at x = —1 where it is right continuous,

but not left continuous.

lim f(x)= lim x=-1#1
x—>—=1— x—>—1—

2

=D = i = i 6

. is continuous everywhere
0.987 ifx>1
except at x = 1, where it is left continuous but not right

continuous because 0.987 # 1. Close, as they say, but no
cigar.

f(x)= [x2 lfxsl

C(2) is discontinuous only at the integers. It is continu-
ous on the left at the integers, but not on the right.

146 _ A+nd—t+46) _ 1-t+22
1—-2 A+ -1 ~  1-—t
t # —1, we can define the function to be 3/2 at t = —1
to make 12t continuous there. The continuous extension is
1—t+1¢
1—1¢

Since
-2 x-VDE+vD  x+V2
-4 @ -VDE+VDIEE+D) (+ V22 +2)
for x # /2, we can define the function to be 1/4 at
x = /2 to make it continuous there. The continuous

x++/2
x+v2)(x2+2)
x + /2 factors provides a further continuous extension to
x = —~/2.

Since

extension is . (Note: cancelling the

limy,3-g(x) = 3 — mand
limy—34+ g(x) = 1 —3m = g(3). Thus g will be con-
tinuous at x =3 if 3 —m =1 — 3m, that is, if m = —1.

The Max-Min Theorem says that a continuous function
defined on a closed, finite interval must have maximum
and minimum values. It does not say that other functions
cannot have such values. The Heaviside function is not
continuous on [—1, 1] (because it is discontinuous at

x = 0), but it still has maximum and minimum values.
Do not confuse a theorem with its converse.

Let the numbers be x and y, where x > 0, y > 0, and
x4+ y=2_8. If S is the sum of their squares then
S=x2+y2=x2+(8—x)2
=2x? — 16x + 64 = 2(x — 4)> +32.
Since 0 < x < 8, the maximum value of S occurs at

x =0or x =8, and is 64. The minimum value occurs at
x =4 and is 32.
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If x desks are shipped, the shipping cost per desk is

_ 245x — 30x2 4+ x3
x

= x2 — 30x + 245
= (x — 15)2 +20.

C

This cost is minimized if x = 15. The manufacturer
should send 15 desks in each shipment, and the shipping
cost will then be $20 per desk.

fER)=x24+4x+3=(x+1Dx+3)
f(x) > 0on (—oo, —3) and (—1, 00)
f(x) <0on (=3, -1).

2
Foy = x +x§ 2 _ (x+2))ch 1)
f(x) > 0on (—2,0) and (1, 00)
f(x) <0 on (—oo, —2) and (0, 1).

f(x) = x3 — 15x 4+ 1 is continuous everywhere.
f(=4)=-3, f(=3)=19, f(1)=-13, f(4) =5.
Because of the sign changes f has a zero between —4
and —3, another zero between —3 and 1, and another
between 1 and 4.

Let g(x) = f(x) —x. Since 0 < f(x) <1if0<x <1,
therefore, g(0) > 0 and g(1) < 0. If g(0) =0 let c =0,
or if g(1) =0 let ¢ = 1. (In either case f(c) =c.)
Otherwise, g(0) > 0 and g(1) < 0, and, by IVT, there
exists ¢ in (0, 1) such that g(c) =0, i.e., f(c) =c.

fodd & f(-x)=—-f(x)
f continuous on the right < lir(1)1+ fx) = f©O)

Therefore, letting t = —x, we obtain

Jim f(x) = ,EI& fen = lim —f(@)
= —£(©0) = £(=0) = £(0).

Therefore f is continuous at 0 and f(0) = 0.

max 0.133 at x = 1.437; min —0.232 at x = —1.805
max 1.510 at x =0.465; min 0 at x =0and x =1
root x = 0.739

roots x = —0.7244919590 and x = 1.220744085

Section 1.5 The Formal Definition of Limit
(page 91)

Since 1.2% of 8,000 is 96, we require the edge length x

of the cube to satisfy 7904 < x3 < 8096. It is sufficient

that 19.920 < x < 20.079. The edge of the cube must be
within 0.079 cm of 20 cm.

4-01<x*<4+0.1
1.9749 < x < 2.0024

10.

12.

14.

16.

18.

SECTION 1.4 (PAGE 86)

-2-0.01 < l <-2+40.01
X
1 1
> x> ——

7201777 1.99
—0.5025 < x < —0.4975

We need —0.01 < +/2x +3 —3 < 0.01. Thus

2.99 < +/2x +3 <3.01
8.9401 < 2x + 3 < 9.0601
2.97005 < x < 3.03005
3 —0.02995 < x — 3 < 0.03005.

Here § = 0.02995 will do.
Weneed1 — 005 < 1/(x +1) < 1+ 0.05,

or 1.0526 > x + 1 > 0.9524. This will occur if
—0.0476 < x < 0.0526. In this case we can take

8 = 0.0476.
To be proved: lim2 S—-2x)=1

xX—>
Proof: Let € > 0 be given. Then |(5 —2x) — 1| < € holds
if [2x—4| < €, and so if |x—2| < § = €/2. This confirms
the limit.

.oox—2

To be proved: lim

=2 14 x2 -
Proof: Let € > 0 be given. Then

|x — 2

x——z._ —_ <|x_2|<e
1+ x2 T4
provided |x —2| <8 =e.
242
To be proved: lim A =-2.
—-2 X+2

Proof: Let € > 0 be given. For x # —2 we have

x24+2x
x+2

—(—2)‘ =|x+2<e€

provided |x + 2| < 8§ = €. This completes the proof.
x+1 1

To be proved: lim = .
x——1x2 -1 2
Proof: Let € > 0 be given. If x # —1, we have

1 | x+1]
x—1 2)1 7 2x -1
If|x+1| <1,then -2 <x <0,s0 -3 <x—1<—1and

|x —1] > 1. Ler § = min(1,2¢). If 0 < [x — (—1)| <
then |[x — 1| > 1 and |x + 1| < 2¢. Thus

¥2-1 2

x+1 1‘_

x+1 1‘_|x+1| 2

-1 2|7 2x—11 "2

This completes the required proof.

17
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SECTION 1.4 (PAGE 86)

To be proved: llm x*=38.

Proof: Let € > 0 be glven We have

1x3 — 8| = |x — 2|x2 +2x +4|. If |x —2] < 1,
thenl < x < 3and x2 < 9. Therefore

X2 +2x +4 < 94+2x3+4 = 19 If

|[x —2|] <8 =min(l, €/19), then

X3 =8 =[x —2|Ix% +2x + 4] < — x 19 =

19

This completes the proof.

We say that lim,_, o f(x) = L if the following condi-
tion holds: for every number € > O there exists a number
R > 0, depending on ¢, such that

x < —R implies

[f(x)—L| <e.

We say that lim,_, o f(x) = oo if the following condition
holds: for every number B > 0 there exists a number
R > 0, depending on B, such that

x> R

implies f(x) > B.

We say that lim,_,,_ f(x) = oo if the following con-
dition holds: for every number B > 0 there exists a
number § > 0, depending on B, such that

a—38 <x<a implies

fx) > B.

1
To be proved: lim,_,j— T3 = —00. Proof: Let B >0

be given. Wehave <—-Bif0>x-1>-1/B,

that is, if 1 -8 < x < 1 where § = 1/B.. This completes
the proof.

To be proved: limy_,o0 /X = 00. Proof: Let B > 0 be
given. We have /x > B if x > R where R = B2. This
completes the proof.

To be proved: if li_l;n g(x) = M, then there exists § > 0
X a

such that if 0 < |x —a| < §, then |g(x)| < 1+ |[M|.
Proof: Taking € = 1 in the definition of limit, we obtain
anumber § > O such that if 0 < |x — a| < §, then
|g(x) — M| < 1. It follows from this latter inequality that

lg() = (@) =M)+ M| < |G(x)—M|+|M| < 1+|M|.

18
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M where M # 0, then

there exists § > O such that if 0 < |x — a| < 4§, then
lg()| > |M|/2.

Proof: By the definition of limit, there exists § > 0 such
that if 0 < |x — a| < 4, then |g(x) — M| < |M|/2
(since [M]/2 is a positive number). This latter inequality
implies that

To be proved: if lim g(x) =
X—a

It follows that |g(x)| > M| — (IM]/2) = |[M]/2, as
required.
To be proved: if lin}l f(x) =L and hm fx)y=M#0,
fx) L
then }I_IE}I w ﬁ.
Proof: By Exercises 33 and 35 we have
fx) I 1 L
P—%m_}iaﬂ x) X e )‘LXM‘M'

To be proved: if f(x) < g(x) < h(x) in an open interval
containing x = a (say, for a — §; < x < a + 8;, where
81 > 0), and if limy—,, f(x) = limy_,4 A(x) = L, then
also limy_,, g(x) =

Proof: Let ¢ > 0 be given. Since limy—,, f(x) = L,
there exists 82 > O such thatif 0 < |x — a| < &,
then |f(x) — L| < €/3. Since limy_,oh(x) = L,
there exists §3 > O such thatif 0 < |x — a| < 83,
then |[A(x) — L| < €/3. Let § = min(dy, 82, 83). If

0 < |x —al| <, then

lgx) = LI =[g(x) = fx) + f(x) -
<1gx) = fOI+1fx) —
Sh@) — fOI+1f®x) —
=& —L+L - fOl+1fx) -

Shx) = LI+ 1fx) - LI+ 1f(x) -

<e+e+e_€
33 3 7
Thus lim,—,, g(x) =

Review Exercises 1 (page 92)

The average rate of change of 1/x over [-2, —1] is

/) -a/(=2) -1/2 1

—-1—-(-2) T T2

The rate of change of 1/x at x = —3/2 is
1 ( 1 ) 2 N 2
im =G +h \=3/2) . 2h-3"3
h—0 h h—0 h

— lim 23 +2h - 3)
h—0 3Q2h —3)h
4

=1lim—— =2
0302k —3) 9
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STUDENT SOLUTIONS MANUAL

2 2
lim — = 2— = _4 38.
x—21—x2 1-22 3
S et m D6+ L x+2
>2x2=5x+6 x>2(x—2)(x—3) x>2x-3
im x2—4 - lim x+2_
x>2-x2 —4x +4  xo2-x-2
fim 22V 4x 1
x—4 x—4 x—4 (2 + ﬁ)(x —4) 4
2.
- h — i YA D)
h—>0 /x +3h — J/x h=0 (x+3h)—x
= 1im Vx+3h+x 2%
>0 3 T3
lin}) v x — x2 does not exist because +/x — x2 is not de-
X—>
fined for x < 0. 4.
lim vVx—-x2=0
x—>1-
T LU (2/x) + (100/x%)
x>—c0 x243  x>-0 14 (3/x2)
_ox . x?
dm g = Am @ =
lim ! = ! =2
=12 /x—x2  JIJ&
lim <% — 0 by the squeeze theorem, since 6.
X—>00
1 1
2 <2 forallx>0
P X P

and limy_, oo (—1/x) = limy—y00(1/x) = 0.

.o 1 . .
lim sin = does not exist; sin(1 /x2) takes the values —1
x—>0 X

and 1 in any interval (—$§, 8), where § > 0, and limits, if
they exist, must be unique.

lim [x +vVx2—4x+ 1] =00+ 00 =
X—>00

X
f()f) T x+1
which consists of all real numbers except x = —1. It is
discontinuous nowhere.

is continuous everywhere on its domain,

2 .
fx) = [x if x> 1 5 defined and continuous ev-

x ifx<l1
erywhere, and so discontinuous nowhere. Observe that
limy - f(x) =1 =limy_ 14 f(x).

N a2y _ |1 if-3<x<3 .
f)=HO-x) = {0 ifx<—-30rx>3 is defined
everywhere and discontinuous at x = 3. It is right
continuous at —3 and left continuous at 3.

CHALLENGING PROBLEMS 1 (PAGE 93)

1] if x# -1
fe) = {|1xmx+ I ifxz—l
and discontinuous at x = —1 where it is neither left nor
right continuous since lim,—, 1 f(x) = oo, while

f=H=1

is defined everywhere

Challenging Problems 1 (page 93)

For x near 0 we have [x —1|=1—x and |[x+ 1| =x+1.
Thus

x x 1

im — % = hm— > =
=T =1 s d-—m-G+D 2

Let y = x'/6. Then we have

x13 -4 y>—4
lim = lim
x—64 x1/2 — 8 y—>2y3—8
_ O-2)(+2)
=2 (y—2)(y*+2y+4)
y+2 4 1
=l —_—_—_— = —,
yo2y2 +2y+4 123
—14+J1+4+a —1—-J1+a
ry(a) = — r-(a) = —_—Y

a) lim,_,0r_(a) does not exist. Observe that the right
limit is —oo and the left limit is oo.

b) From the following table it appears that
limg_,0r4+(a) = 1/2, the solution of the linear equa-
tion 2x — 1 = 0 which results from setting a = 0 in
the quadratic equation ax? +2x —1=0.

a r+(a)
0.41421
0.1 0.48810
—0.1 0.51317
0.01 0.49876
—0.01 0.50126
0.001 0.49988
—0.001 0.50013
. . 1+4a-1
9 limre(e = Jim =
. (I+a)—-1
= lim ———
a—0a(/1+a+1)

1

1
= lim —— = ~.
a>0./T+a+1 2

19
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CHALLENGING PROBLEMS 1 (PAGE 93)

8. a) To be proved: if f is a continuous function defined
on a closed interval [a, b], then the range of f is a
closed interval.

Proof: By the Max-Min Theorem there exist num-
bers u and v in [a, b] such that f(u) < f(x) < f(v)
for all x in [a, b]. By the Intermediate-Value The-
orem, f(x) takes on all values between f(u)

and f(v) at values of x between u and v, and
hence at points of [a, b]. Thus the range of f is

20
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[f @), f(v)], a closed interval.

b) If the domain of the continuous function f is an
open interval, the range of f can be any interval
(open, closed, half open, finite, or infinite).

1 1 1
10. = = - :
fx) x — x2 ‘l‘_(%_x+x2) ‘l‘_(x_%'Z

Observe that f(x) > f(1/2) =4 for all x in (0, 1).
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CHAPTER 2. DIFFERENTIATION

Section 2.1 Tangent Lines and Their Slopes
(page 99)

2. Since y = x/2 is a straight line, its tangent at any point
(a,a/2) on it is the same line y = x/2.

4. Theslopeof y=6—-—x—x?atx=—2is

6= (—2+h) = (=2+h)?—4

m = lim
h—0 h
3h — h?
= lim =lim(B—h)=3.
h—0 h—0

The tangent line at (—2,4) is y = 3x + 10.

6. The slope of y =

o7 a0 s
1/ 1 —h
=1lim—(—— 1) = lim —— =o.
" h‘_%h(h2+1 ) el

The tangent line at (0, 1) is y = 1.

1
8. Theslope of y=— atx =9 is

Jx

! 1 1
m=tm i (o _h‘§>
=lim3—~/9+h~3+\/9+h

h—>0 3h/9+h 3+9+h
— lim 9-9-p

h—03h/9+ (3 +/9+h)
1 1

T33)6) 54

The tangent line at (9, %) isy= % - glz(x -9), or
1

_1
Y =3 5%
10. Theslope of y=+/5—x2atx=1is
V5= +h)?-2
m = lim
h—0 h
. S5—(1+h* -4
= lim
"0 h(V5— T+ R +2)
. —2—h 1
= lim =—=

>0 5 (T +h2+2 2

The tangent line at (1,2) is y =2 — 1(x — 1), or

5 1
y=37 7%

12.

14.

16.

18.

20.

22.

SECTION 2.1 (PAGE 99)

1

The slopeofy:;at (a, %) is

-—liml 1 +1 - Lim a—a—nh _ 1

S T hs0h(a+h)@)  a?
1

The tangent line at (a, —) isy=———2(x—a), or
a a a

_2 X

Ta a*

The slope of f(x) = (x — D*3 atx=11is

h—1D*3 -0
m=lim SFAZDT 20 sy

h—0 h h—0
The graph of f has a tangent line with slope 0 at x = 1.
Since f(1) = 0, the tangent has equation y =0

The slope of f(x) = |x2 — ljatx = 1is
[(I+h)?—1—|1—1 . [2h+h?
0 = lim ————,
h h—0 h
which does not exist, and is not —oo or co. The graph

of f has no tangent at x = 1.

m = limy—,

The slope of y =x2 — 1 at x = xg is

[(o+h)*—11-(Z—1)

=1
=0 h
. 2xoh + h?
hl—% h 0
If m = -3, then xp = —%. The tangent line with slope
m= —3at(—33)isy = 3 —3(x + 3), that is,

_ 13
y=-3x-— .

The slope of y = x> —3x at x = a is

TN | 3 3

m—}}l_)oz[(a+h) 3(a+h) —(a 3a)]
=liml[a3+3a2h+3ah2+h3—3a—3h—a3+3a]
h—0 h

=}}in6[3a2+3ah +h? —3]=34% - 3.

At points where the tangent line is parallel to the x-axis,
the slope is zero, so such points must satisfy 3a*> —3 = 0.
Thus, a = £1. Hence, the tangent line is parallel to the
x-axis at the points (1, —2) and (-1, 2).

The slope of the curve y =1/x at x = a is

1 1
m=lim TPk _a _
h—0 h

a—(a+h)__ 1

=5 aha+h)  a%

The tangent at x = a is perpendicular to the line

y = 4x — 3 if —1/a®* = —1/4, that is, if a = +2. The
corresponding points on the curve are (—2, —1/2) and
2,1/2).

21
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SECTION 2.1 (PAGE 99)

24. The curves y = kx? and y = k(x — 2)? intersect at (1, k).
The slope of y = kx? at x = 1 is

kQ+h)?—k

mi =’}1_)m0 7 =}}1_r)1})(2+h)k=2k.

The slope of y = k(x —2)% at x = 1 is

L k@ =1 +h)—k
my = lim
h—0 h

= lim (-2 + h)k = —2k.
h—0

The two curves intersect at right angles if
2k = —1/(—2k), that is, if 4k?> = 1, which is satisfied
if k==41/2.

32.

26. Horizontal tangent at (—1, 8) and (2, —19).
y

y=2x3-3x2 - 12x +

Fig. 2.1.26

28. Horizontal tangent at (a,2) and (—a, —2) for all @ > 1.
No tangents at (1,2) and (—1, —2).

y
y=lx+1]—|x—1]
2..
14
3 2 -1 1 2 X
14
24
31
Fig. 2.1.28

30. Horizontal tangent at (0, 1). No tangents at (—1, 0) and
(1,0).

22
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y = ((x? — D)
2 4

2 -1 1 2 x

Fig. 2.1.30
The slope of P(x) at x =a is

. P(a+h)— P(a)
m=lim ——M.
h—>0 h

Since P(a + h) = ap + a1h + ah? + - + a,h" and
P(a) = ay, the slope is

ao+ath+ah?+ -+ ah" —ag

=1
m =l ;
= lim aj + azh + - -+ a,h"" ! = ay.
h—0

Thus the line y = £(x) = m(x — a) + b is tangent to
y = P(x) at x = a if and only if m = a1 and b = ay,
that is, if and only if

P(x)—4(x) = ax(x — a)2 +a3(x — a)3 + -+ ap(x —a)
=(x — a)2[a2 4az(x—a)+---+an(x — a)"'2]
=(x—-a)’0x)

where Q is a polynomial.

Section 2.2 The Derivative (page 106)

y
o0—o
o—-0
=g
o—o o
o——o
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STUDENT SOLUTIONS MANUAL SECTION 2.2 (PAGE 106)

4. vy
y y = f(x)=Ix2— 1] JIx* - 4]

? \—_/x

y =k'(x)
y -+

y=f'(x) 1
+
X
6. Assuming the tick marks are spaced 1 unit apart, the /
function g is differentiable on the intervals (-2, —1), 1
(=1,0), (0, 1), and (1, 2). Fig. 2.2.10
8. y = f(x) has horizontal tangents at the points near 1/2 12. f@x) =1+4x —5x°

and 3/2 where f'(x) = 144 +h)—50+h?—(1+

Y4 flx)= }}1_1)1}) W
_ _&8p2
1 - lim 4h — 10xh — 5h —d—10x
T h—0 h
df(x) = (4 —10x)dx

/ T y=f@x)=x3-3x*+2x+1
1
T 4. =
1 s 344t
L fim R
dt ~ h>O0h [3+4@¢+h) 3+4
g 3t -3-d—dn 4
T h>0h(GH 4B+ @t +h)] T (B+41)2
ds = 4 dt
\_/ ' ' x - (3+4t)2
y=f'(x)
Fig. 2.2.8 16. y= %x3 —x
y' -hm [ (x+h)3 (x+h)—( x —x)]
ETEN  a) 2,133 _
_}}%h(x h+xh? + 1h* — )
10. y = f(x) is constant on the intervals (—oo, —2), (—1, 1), = lim (x2 + xh + %hZ —H=x%-1
and (2, 00). It is not differentiable at x = =2 and h—0
x = =*1. dy = (x* — 1) dx

23
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SECTION 2.2 (PAGE 106) R. A. ADAMS: CALCULUS

18. f(x =%v2—x
2+ -3V2—x

"(x) = li d 14+h)3 —2(1+h)— (-1
%) ’}1_% 5 d_(x3_2x) =lim(+ ) (h+ )—(=1)
_limi[ 2-x—h-2+x ] ¥ =1 120 2, 3
i>04 (V2= G+ B + V2 %) = fim P3N
3 h—0 h
= ——_— T 2 __
Wil ..}}1_r)1})1+3h+h =1
3
df (x) = ———=dx
82 —
* 30. The slope of y =5+4x —x% at x =2 is
20 =
S g dy|  _ o SHAQHR) - Q+m)? -9
€£=iml _S_!__Il__ S d‘xx=2-_h_>0 h
ds h>0h|[14+s+h 1+ . —h?
i EEPA4D —sAts+h) = lim —=— =0.
) hA+s)0 +s+h) T (1+459)?
1 Thus, the tangent line at x = 2 has the equation y =9.
dz = (1+—s)2 ds ;
32. The slope of y = 75 att=—-2and y=—11is
{ —
22. y = —2
X
dy 1 [ —2+h
. 1 1 — =lm—+ | ——m—m———— — (—l)]
'=lim~ | —— — — - _ 2 _
Y hl—rPohl:(x+h)2 xz] dlimma WOR L2 HRY =2 2
—1imx2—(x+h)2—_£ — lim —2+h+[(—2;i—h) —2]_____3'
T 0 hx2(x+h)? T x3 h—0 h[(=2+h)* = 2] 2
dy = _% dx Thus, the tangent line has the equation
* y=—1-3@+2), thatis, y = -3t — 4.
2 _
2. Fo) = ;2 J—rg 34, fl(x)=—-17x"18 for x #0
d
, 1 (@¢+Rm?*-3 -3 3. D1, for x #0
f'@®) = lim — - dx 3
A—0h \(t+h)?2+3 243 d
I (5 B2 —=3]2+3) — (2 - 3)[(t +h)?+3] 38. Er’m =-225t"3% fort >0
" >0 h(t2 +3)[(t + h)? + 3]
2 d 1 1
— lim 12th + 6h _ 12¢ 40. E—ﬁ = —2f =5
=0 h(2 +3)[( +h)2+3]  (2+3)?2 S ls=9 S ls=9
12¢
df(@t) = —— 2 _ 1
fO=wrn? 2. f'®=-317" -3
x=8
2 . - — .
26. Since g(x) = x?sgnx = x|x| = 1% , 1£x >8, g 44.  The slope of y = /x at x = o is
—X IUx<
will become continuous and differentiable at x = 0 if we dy 1
define g(0) = 0. Ix o = ch
— .3 _
8. y=x"-2 Thus, the equation of the tangent line is
1 . x + xo
- fa — = — xp), that is, y = .
X fx) {() X fx) {(1) y «/x_o+2m(x xo), that is, y W
X — X —
0.9 0.71000 1.1 1.31000 46. The intersection points of y = x? and x + 4y = 18 satisfy
0.99 0.97010 1.01 1.03010
0.999 0.99700 1.001 1.00300 4x> +x-18=0
0.9999 | 0.99970 1.0001 1.00030 4x+9x —2)=0.
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9

Therefore x = —7 or x = 2.
The slope of y = x? is m; = el = 2x.
9 9 dx
Atx=—Z,m1 =—§. Atx =2, m =4.
The slope of x + 4y = 18,ie. y = —%x + l4§, is
my = -1,
Thus, at x = 2, the product of these slopes is
(4)(—}‘) = —1. So, the curve and line intersect at right

angles at that point.

1
Theslopeofy:;atx:ais

ol __1
dx|,_,  a*
If the slope is —2, the ! 2, or + 1
— Ly n —— = — , = —_—.
pe ) a 72

Therefore, the equations of the two straight lines are

y=«/§_2<x—%) andyz—ﬁ—Z(X'i'%),
ory = —2x +2+/2.

If a line is tangent to y = x2 at (¢, ¢2), then its slope is
d
Y1 — 2¢. 1f this line also passes through (a, b), then

dx|,_,
its slope satisfies

t2—'b . 2
pa— =2t, thatist“—2at+b=0.
+/4a2 — 4
Hencet:z‘;———-;————?-za:l:\/az—b.

Ifb < a% ie. a> —b > 0O, thent = a + Va2 —b
has two real solutions. Therefore, there will be two dis-
tinct tangent lines passing through (a, b) with equations
y=b+2(a:|:«/a2—b)(x—a). If b= a?, then ¢ = a.
There will be only one tangent line with slope 2a and
equation y = b + 2a(x — a).

If b > a2, then a*> —b < 0. There will be no real solution
for t. Thus, there will be no tangent line.

Let f(x) = x". Then

x+h)y™—x"
h
i 1 1 1
o0 b ((x Thy x_)
- Iim x" = (x+h)"
h—>0 hx"(x + h)"
x—(x+h)
= lim ————x
h—0 hx"((x + )"

(x"_l +xX" P+ e+ (o h)n_l)

f'@) = lim

= —— x nx"" = —px~ D,
x2n

54.

56.

SECTION 2.3 (PAGE 114)

Let f(x) = x!/". Then

(x +h)1/n _ xl/n

f'(x):}gi_r)% (let x+h=ad",x=0")

h
- lim 225
T asbat — bt
) 1
= gl—>mb a1l +a"=2b + a"3p2 + .- + b
1 1
_ — — ,(1/m)=1
T bl n * .

Let

h—0+

h
/ _ . fla+h) - f@
fa=) —hl—lfg— h

If f/(a+) is finite, call the half-line with equation

y = f(a) + f'(a+)(x — a), (x > a), the right tangent
line to the graph of f at x = a. Similarly, if f'(a—)

is finite, call the half-line y = f(a) + f'(a—)(x — a),
(x < a), the left tangent line. If f'(a+) = oo (or —00),
the right tangent line is the half-line x = a, y > f(a) (or
x=a,y < f@a). If f'(a—) = oo (or —00), the right
tangent line is the half-line x = a, y < f(a) (or x = q,
y = f(a).

The graph has a tangent line at x = a if and only if
f'(a+) = f'(a—). (This includes the possibility that both
quantities may be +oo or both may be —0¢.) In this
case the right and left tangents are two opposite halves of
the same straight line. For f(x) = x?/3, f'(x) = %x“l/z’.
At (0, 0), we have f/(0+) = +o0 and f'(0—) = —o0.
In this case both left and right tangents are the positive
y-axis, and the curve does not have a tangent line at the
origin.

For f(x) = |x|, we have

if x>0

fia) =sgn() = {1—1 if x < 0.

At (0,0), f/(0+) = 1, and f/(0—) = —1. In this case
the right tangent is y = x, (x > 0), and the left tangent is
y = —x, (x <0). There is no tangent line.

Section 2.3 Differentiation Rules

(page 114)
y=ax2 -2y =2x71/2 4 5572

6 2 18 4
fx) = F+;—2. f'(X)=—F—x—3

y=x¥ —x y =455 4 45574

25

forum.konkur.in



10.

12.

14.

16.

18.

20.

22.

26.

28.

www.konkur.in

SECTION 2.3 (PAGE 114)

2
y=33/t—2—ﬁ = 3123 _ 21732 30.

ay
dt
F(x) = (Bx —2)(1 —5x)

F'(x) =31 = 5x) + 3x — 2)(=5) = 13 — 30x

— 2t_1/3 + 3t_5/2

2

2t —3)2

1 !
) t) =—
%_3 g

4 , 4
T (3-x)?

8@) =

g =

2 4y
80 =1 7 a=y

g(u) =

u

1 12 — u/u

’ — _ 2,732 -3_ 22 V7
g'(u) 2u + 6u e

_x—1 1/3 -2/3
Z—sz — X

dz 1 _p5 . 2 s
ax 3 t3r =

x+2
3x5/3

242
T

,_ =D +2) - (2 +20)(20)
°T @172

2% +t+ 1)
o

B -4

x+1

(x + DBx?) — (3 —H(D)
(x +1)2

fx) =

flx) =

3 2
=2x +3x“+4 36.

(x + 1)?

2+7t—8

2—t41

W —t+ DU+ -+t -8)Q2t—1)
2 —t+1)2

—8t2 + 18t — 1

T2 —t+1)2

F(@)=

F'(t) =

fO =+ -+ 4+ 1)
ffO)y=E22 =39t +r3 +1)
+ 243 —92r+3r?)
or
fO==2+r"4r24r3 41 —ar? - 43
i) = —r 2 —2r 3 _3r 41— 8 — 1212

26

-3
u u2 - u_1/2 _ 3u_2 32-

34.

38.

R. A. ADAMS: CALCULUS

2+ D)3 +2)
T x242)(3+1)
_ XS+ x34+2x242
S S vl a1z
;@ +2x° +x2+2)(5x* 4+ 3x% + 4x)
y= (5 1203 + 22 +2)2
@5 4+ x3 +2x2 + 2)(5x* + 6x% +2x)
- (x5 4+ 2x3 +x2 4 2)2
2x7 — 3x0 — 3x* — 6x2 + 4x
(x5 +2x3 +x242)2
_ 2x7 — 3x6 — 3x% — 6x2 + 4x
(2 +2)2(x3 + 1)?

_ WE=DQ2=-x)(1-x%
- Jx(3 +2x)

_ (l———l— 2—x—2x2+x3
- Jx 3+2x

f(x)—<2x )———3+2x +1{1 7
g BG+2x)(—1 —dx+3x) - 2 —x - 2x2 + x3)(2)
(3 + 2x)?

fx)

_@2-0na-x%
T 2323 +2x)
+(l__1_)4x3+5x2—12x—7
N (3 +2x)?

X2 f1(x) = 2xf (%)

x4

4 (1)
dx \ x2

x=2 x=2
_A)-4f 4 1
- 16 T 16 4

4 ( f&) )
dx \x2+ f(x) ) |,=
_ G4 fONS®) - fG)Cx + f1(x)

(x2 4+ f(x))? x=2
_@GHfQFQ-fQ@+ Q) 18-14 1
- @+ f(2)? o6 9

d [t + /1)
E[ S5t ] t=4
_d[t+82
- E[ 5—1t ] =4

=0 +3t) - +PH (D
- (5 - t)z t=4
M@ — A2 (=D

= g
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%[(1 AL 4300 +40]| 50.
= () +20)(1+30)(1 +40) + (1 + D@1 + 301 + 40+
A+ +20)3)(A +42) + (1 +6)(A +20)(1 +31)(4)
=1+4243+4=10 =
For y = ’_L i we calculate
_G-DM-G+DD) _ 2
(x —1)? (x— 12
Atx = 2wehave y = 3 and y/ = —2. Thus, the

equation of the tangent line is y = 3 — 2(x — 2), or
y = —2x + 7. The normal line is y = 3 + %(x —2), or
= %x + 2.

Ify= x2(4 — x2), then

"= 2x(4 — x%) + x%(=2x) = 8x — 4x> = 4x(2 — x?). 52.

The slope of a horizontal line must be zero, so

4x(2 — x?) = 0, which implies that x = 0 or x = ++/2.
Atx=0,y=0and at x = ++/2,y = 4.

Hence, there are two horizontal lines that are tangent to
the curve. Their equations are y =0 and y = 4.

x+1
If y=——th
y T2 en

,_GHEDM - G+DA) 1
= *x +2) =Gt

In order to be parallel to y = 4x, the tangent line must
have slope equal to 4, i.e.,

54.

1

— =4, 2)?2 =1
G+2)?2 or(x+2)7 =g

Hence x +2 = :I:%, and x = —% or —%.
y=-l,andatx=—3, y=3.

Hence, the tangent is parallel to y = 4x at the points
(-3, -1) and(-3,3).

2 5

1
Since —— =y =x" = x 2 = 1, therefore x = 1 at

Jx

the intersection point. The slope of y = x2 at x = 1 is

1
2x| =2. Theslopeof y=—atx=11is
x=1 “/;
| __Loaspl __1
dx x=1 2 x=1 2.

The product of the slopes is (2) (—%) = —1. Hence, the
two curves intersect at right angles.

SECTION 2.3 (PAGE 114)

The tangent to y = x2/(x—1) at (a, a2/(a—1)) has slope

G V2 Sk S Ol B
B (x —1)? vea  (@=D7
The equation of the tangent is
2 2
a a®—2a
y— = (x —a).

a-1 (a—172
This line passes through (2, 0) provided

a? a2 —2a
- = (2-a),
L e 1 A

or, upon simplification, 3a%2 — 4a = 0. Thus we can have
either a = 0 or a = 4/3. There are two tangents through
(2,0). Their equations are y =0 and y = —8x + 16.

3 .
f@) =1x3 = {x 3 if x 20 " Therefore £ is differen-
—x° ifx <0

tiable everywhere except possibly at x = 0, However,

lim LOFM—FO _ 2o
h—>0+ h h—>0+

lim fO+h)— f(O) — lim (=h?) =0.
h—0— h h—0—

Thus f/(0) exists and equals 0. We have

ifx>0
if x <O.

2
f'(x) — [ 3x

—3x2

To be proved:

(fifa- )
=flfrfat Afs - fot -+ fifrfl

Proof: The case n = 2 is just the Product Rule. Assume
the formula holds for n = k for some integer k£ > 2.
Using the Product Rule and this hypothesis we calculate

(fifa - fufir))

=[(fifa- - i) fir1)

=(fifer [ firr + (fifa - f) fep

=(fifa- fe+ fifs fo A fifae ) fin
+ (f1f2 - i) fepr

=fifa--fifirr + fify o fifr1 + -
+ fifor fifirt+ fifa fufig

so the formula is also true for n = k + 1. The formula is
therefore for all integers » > 2 by induction.
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SECTION 2.3 (PAGE 114)

Section 2.4 The Chain Rule (page 119)

x\99
y=(1-3)

98 1 x\98
v=m(1-3) (—g)=—ss<l—~3—>
y d \/— 3x

1—-3x2=
241 — 3x2 vl — 3x2
= +x2/3)3/2
7 = %(1 +x2/3)1/2(§x‘1/3) =x‘1/3(1 +x2/3)1/2
y=Q1-2%H732
Y =31 - 2572 (~41) = 61 (1 — 26%) 72
f@=12+7
3122 + %)
/ 1) = 2 3 2 - 7
f'(@0) = [sgn 2 +1)1(3t%) 210
y=Q2+x}
Y =1+ xR 3IxP)sgn (x)
= x2 Q@+ |x )73 (| |> = x|x|@2 + |x|>)7*3
4
)
fx) = (1+ ad )
3
x—2\"(1 [ 3 1
re=a(1+53 ) (’2‘ x_z)(g)
_g\/ 3 1+\/x—2 ’
T3Vx-2 3
_ x3/3 + x6
Y= at a3
y = ! 4+ x| 5x*V/3 + x6 + x° 37
@ +x2)8 V3416
—-5V3+ x6[3(4 + x2)2(2x)])
@+ xz)[5x4(3 +x6) + 3x1°] — %53 + x5)(6x)
B (44 x2)*V/3 + x6
_ 60x* — 3x6 + 32510 4 2512
@+ x2)4/3 4 x5
Yy
slope 8
y=4x+|4x—1|
slope 0
(L1) N
#) S
28

20.

22.

24.

26.

28.

30.

32.

34.

36.

R. A. ADAMS: CALCULUS

i
%[f<-z->r=3[f<;>rf<z> )
)

—f(v 2t) = f{(V3+2) ——=

()3

2\/—"

=2f'(2t +3)

«/3 2
f'(/3+20)

- m
(2 (3s0))
= f’<2f(3f(x))> 21/ (37@) 37/
= 6f’(x)f’(3f(x))f’(2f (3f<x>))

d Vx2 -1

dx x2 + 1 x=—2
_ (x2+1) = —vx2 —1(2x)

(x2 + 1)? x=—2

®) ( f) NEIC NN
- 25 T 2543
F& =

foay 1 __ 1
F&= Qx4+ 132, _, 27

F(x)=(1+x)Q2+x*G+x)3@+x)*
F'(x) = 2+ 03 +x)3@ +x)*+
20+ )2 +x)B+x)>°@ +x)*+
31+ x)Q2+x)*@+x)2@E +x)*+
414+ 02+ x)*G+x)>3@ +x)3
F'(0) = 2535 + 203} (@hH+
3(HERHEHE + 4123 (3% @)
=42%.3%.4% =110, 592

The slope of y =+/1+2x2 at x =2 is

dy 4x

dx|,cy 21+ 222 ey

Thus, the equation of the tangent line at (2, 3) is
y=3+3x-2),0ry=3x+3.

4
3

forum.konkur.in



38.

40.

42.
4.
46.

10.
12.

14.

16.

18.

www.konkur.in

STUDENT SOLUTIONS MANUAL

b
The slope of y = (ax + b)® at x = = is

a
dy

= 1024ab’.
dx x=b/a

x=b/a

= 8a(ax + b)7

The equation of the tangent line at x = — and
a
y = (2b)® = 256b% is

b
y = 256b%+1024ab’ (x - ;), or y = 2104575 —3%x28p8.

Given that f(x) = (x — a)™(x — b)" then

fl@x)=m@x —a)" ' (x —b)" +n(x —a)" (x — b)"*~!
=@ —a)" 'x —b)" Ymx — mb+nx — na).

If x #a and x # b, then f’(x) = 0 if and only if
mx —mb +nx —na =0,

which is equivalent to

b.

X =

m+n m+n

This point lies lies between a and b.
4(7x* — 49x2 + 54)/x7
5/8

It may happen that k = g(x + h) — g(x) = 0 for values
of h arbitrarily close to O so that the division by k in the
“proof” is not justified.

Section 2.5 Derivatives of Trigonometric

Functions (page 124)
d cosx —cos’x —sin?x 5

dx cotx = dx sinx sin2 x = Teser
y=sin£, y/=lcos)—c.

5 5 5
y =secax, Yy =asecaxtanax.
d . m—x 1 T—x
2z S5 = —3 cos —

y =sin(Ax + B), y = Acos(Ax + B)

d 1
= cos(v/x) = “2/ sin(+/x)

d
Ir sin(2 cos x) = cos(2 cos x)(—2sin x)
= —2sinx cos(2 cos x)

g(0) = tan(f sin0)
g'(0) = (sinf + 6 cos 0) sec?(8 sinh)

=sec(l/x), ¥y = —(1/x?)sec(1/x)tan(1/x)

20.

22,

24.

26.

28.

30.

32.

34.

36.

38.

40.

42.

44.

SECTION 2.5 (PAGE 124)

sinaf
G@®O) =
© cos bo
G'6) = a cos bo cos ad + b sin ab sin b6

cos? bo

d d

-—(cos2 x — sin? x) = — cos(2x)
X dx

= —2sin(2x) = —4sinx cosx

d
d—(secx — ¢sCx) = sec x tanx + csc x cot x
x

d d
T tan(3x) cot(3x) = E(l) =0

d . . .
E(t sin? 4+ cost) = sint + tcost —sint = ¢t cos ¢

d cosx _ (I +sinx)(—sinx) — cos(x)(cos x)
dx 1 +sinx (1 + sinx)?

_ —sinx — 1 -1

T (A +sinx)?2 ~ 1+sinx

g(t) = /(sinz)/t
@ = 1 y tcost —sint
W = G/ 2

tcost —sint

T 2832 /sint
_ sinyx
=1 + cos/x
s (14 008 /x)(cos /X /2+/X) — (sin /%) (= sin v/x/2/X)
‘= (1 + cos \/x)?
1+ cos/x 1

T 2/x(1 +cos /D)2 2/x(1 + cos /%)

f(s) = cos(s + cos(s + cos 5))
f'(s) = —[sin(s + cos(s + cos 5))]
x [1 — (sin(s 4 cos 5))(1 — sins)]

2 2

Differentiate both sides of cos(2x) = cos” x — sin“ x and

divide by —2 to get sin(2x) = 2 sinx cos x.

The slope of y = tan(2x) at (0, 0) is 2sec?(0) = 2.
Therefore the tangent and normal lines to y = tan(2x) at
(0, 0) have equations y = 2x and y = —x /2, respectively.

The slope of y = cos? x at (/3,1/4) is
—sin(27r/3) = —+/3/2. Therefore the tangent and normal
lines to y = tan(2x) at (0, 0) have equations
y = (1/4) — (+/3/2)(x — (x/3)) and
y = (1/4) + (2//3)(x — (7/3)), respectively.
b7/ 4

For y = sec (x°) = sec (@) we have

%:%sec(%)tan(%).

29
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SECTION 2.5 (PAGE 124)

b4 /3

At x = 60 the sl is —(@2V3) = —.

X 0 the slope is 180( «/_) 090
Thus, the normal line has slope — and has equation

90 /3

=2— ——=(x — 60).
y - ﬁ( )
The slope of y = tan(2x) at x = a is 2sec?(2a). The
tangent there is normal to y = —x/8 if 2sec?(2a) = 8, or

cos(2a) = +1/2. The only solutions in (—m/4, 7 /4) are
a = +n /6. The corresponding points on the graph are
(/6,~/3) and (-7 /6, —/3).

2

Ir tan x = sec” x = 0 nowhere.

X

2

o cotx = —csc” x = 0 nowhere.

X
Thus neither of these functions has a horizontal tangent.

y = 2x + sinx has no horizontal tangents because
dy/dx =2+ cosx > 1 everywhere.

= x + 2cos x has horizontal tangents at x = 7/6 and
x = 57 /6 because dy/dx = 1 — 2sinx = O at those
points.

lim sec(l + cosx) =sec(l —1) =secO0=1
X—=>T

. 7 — mwcos?x . sinx\ 2
lim cos — | = lim cos 7w (—) =cosw = —1
x—0 X x—=0 X

f will be differentiable at x = 0 if

2sin0+3cos0 = b,

=a.

d
—(2sinx 4+ 3cosx)
dx x=0

Thus we need b = 3 and a = 2.
1

a) As suggested by the figure in the problem,
the square of the length of chord AP is
(1 — cos0)? + (0 — sinH)?, and the square of the
length of arc AP is 62. Hence

(1+cos6)? +sin’ 6 < 62,

and, since squares cannot be negative, each term in
the sum on the left is less than 62. Therefore

0<|l—cosB| <], O<]|sinf| < |6].
Since limg_,0[0| = 0, the squeeze theorem implies
that

lim1—cosf =0, limsing =0.

6—0 6—0

From the first of these, limg_,gcos6 = 1.

30

10.

12.

14.

R. A. ADAMS: CALCULUS

b) Using the result of (a) and the addition formulas for
cosine and sine we obtain

lim cos(fp + h) = lim (cos 6y cos h — sin 6 sin k) = cos Oy
h—0 h—0

lim sin(@y + ) = lim (sin 6p cos & + cos g sin ~) = sinp.
h—0 h—0

This says that cosine and sine are continuous at any

point 6p.

Section 2.6 Higher-Order Derivatives
(page 129)

1 2
y_x2___ y//=2__§
x x
1 6
r_ m_ 9
Yy =2x+ vl Y=
Nrre " a?
= b - _
y axa+ y 4(ax +b)3/2
!
= 3
VS artb g 3%
8(ax + b)3/?
y =x1042x8 y" = 90x% + 112x°
y' = 10x° + 16x7 y" = 720x" + 672x°
_*- 1 "_ __4_
YA G +1)?
ye—2 g 12
(x+1)2 (x+1*
y = secx y” = secx tan? x + sec’ x
y =secxtanx y" =secxtan x + 5sec’ xtanx
_ sinx
T ox
,_cosx  sinx
Y= x2
n_ 2= x2)sinx _ 2cosx
- x3 x2
P x%)cosx  3(x?—2)sinx
- x3 x4
1 -2
fx) = Z=x
fl) =—2x73
F'(x) = =2(=3)x~* =31x~*

FO @) = —2(=3)(—4)x~5 = —41x~3
Conjecture:
F®@) = (=1)"n + 1)x~ 02

Proof: Evidently, the above formula holds for n = 1, 2
and 3. Assume it holds for n =k,
ie, fOx) = (—DkEk + 1)!1x~*+D Then

forn=1,2,3, ...

d
kD) — 4 ()
f ) = dxf (x)

= (=D (k + DU(=1)(k + 2))x~*+D-1
= (= 1FF (ke + 21 TR+ DH2,
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Thus, the formula is also true for n = k 4+ 1. Hence it is
true for n =1, 2, 3, ... by induction.

16. f(x)=.x=x!/?
fl@) = 32712
fra) = 3(=3)x73"?
f"0) = 3 (=)=~
O = 3NN
Conjecture:

f(”)(x) — (—1)”_i 1 . 3 . 5 e (2n - 3)x_(2n_])/2 (n Z 2)

2n

Proof: Evidently, the above formula holds for n = 2,3
and 4. Assume that it holds for n =k, i.e.

11935 @k=3) oy
FP@) = (1! 2k( ) -ak-nr2

Then

) = L)
_ (—l)k_l 1-3-5---(2k=3) ) [—(2/( — 1)] x—[(2k—1)/2]—1

2k 2

= (=1)%+D-1 1-3-5--- @k =32k + 1) — 31 —ee+n-up2

2k+1

Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.

18. f(x) =x?/3
fla) = 3x713
f1x) = 3(=Hx—43
7@ =3(=H(=$Hx7
Conjecture:

1.
fP@) = 2(=1"!
n>2.

Proof: Evidently, the above formula holds for n = 2 and
3. Assume that it holds for n =k, i.e.

47 Gn=5) -2y

3 for

14T Gk =5)
FO ) = 21! D iens,

Then,

d
(k1) oy — (®)
[ = o ()

147 Bk =5) [=Gk=2)T _torsom o
= (1)1 . [(3k—2)/3]-1
=D 3k [ 3 ]x
-1 LT Gh = DBE 4D =51 _pgesn-ay3
3%k + 1) '

Thus, the formula is also true for n = k + 1. Hence, it is
true for n > 2 by induction.

20.

22.

26.

SECTION 2.6 (PAGE 129)
f(x) =xcosx
f'(x) =cosx — xsinx
f"(x) = —2sinx —xcosx
f"(x) = =3cosx + xsinx

f(4)(x) =4sinx + xcosx
This suggests the formula (for k =0, 1, 2, ...)

nsinx + x cosx if n =4k
f(")(x)= ncosx — xsinx ifn=4k+1

—nsinx —xcosx ifn=4k+2

—ncosx +xsinx ifn=4k+3

Differentiating any of these four formulas produces the
one for the next higher value of n, so induction confirms
the overall formula.

1 d
f(x) = — = |x|~!. Recall that — |x| = sgnx, so
x| dx

f'(x) = —|x| 2sgnx.

If x # 0 we have

d
Esgnx =0 and (sgnx)2 =1.

Thus we can calculate successive derivatives of f using
the product rule where necessary, but will get only one
nonzero term in each case:
£ =21x|7 sgnn)® = 20x|
f(3)(x) = —3!|x|_4sgnx
FP ) =41x75.
The pattern suggests that
—(n+1) I
™ (x) = —n!|x| sgnx if n is odd
7 [n!lxl‘(”"’l) if n is even

Differentiating this formula leads to the same formula
with n replaced by n + 1 so the formula is valid for all
n > 1 by induction.

If y = tan(kx), then y’ = k sec?(kx) and

y" = 2k*sec? (kx)tan(kx)
= 2k2(1 + tan®(kx)) tan(kx) = 2k>y(1 + y?).

To be proved: if f(x) = sin(ax + b), then

if n =2k

s _ | (=D*a" sin(ax + b)
f (x)_[ if n=2k+1

(=1)*a" cos(ax + b)

for k=0, 1, 2, ... Proof: The formula works for k =0
m=2x0=0andn=2x0+4+1=1):

FOW@) = f(x) = (-1)%sin(ax + b) = sin(ax + b)
FD @) = f'(x) = (=1)%! cos(ax + b) = acos(ax + b)

31
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Now assume the formula holds for some k > 0.
If n=2(k+ 1), then

d d
(n) _ % (-1 _ % rQ2k+D)
)= P f (x) = dxf (x)

d
= ((—I)kaZk+1 cos(ax + b))
= (=) a%*+2 sin(ax + b)

and if n = 2(k + 1) + 1 = 2k + 3, then

f®x) = % ((—1)’“%2’““2 sin(ax + b)

= (=1)*1a%*+3 cos(ax + b).

Thus the formula also holds for k + 1. Therefore it holds

for all positive integers k by induction.

28. (fe)'=(f's+fe)=r"s+f8+fg+rs
=f/lg+2flg/+fg/l

30. Leta, b, and ¢ be three points in / where f vanishes;
that is, f(a) = f(b) = f(c) = 0. Suppose a < b < c.
By the Mean-Value Theorem, there exist points r in
(a,b) and s in (b, ¢) such that f'(r) = f’(s) = 0. By
the Mean-Value Theorem applied to f’ on [r, s, there
is some point ¢ in (7, s) (and therefore in I) such that

f@) =0.
32. Given that f(0) = f(1) =0 and f(2) = 1:
a) By MVT,

2) - f(© 1-
f@o{@-FO _1-0_

1
2-0 2-0 2

for some a in (0, 2).

b) By MVT, for some r in (0, 1),

foy == -

fO-f@ _0-0_,
1-0"

Also, for some s in (1, 2),

fO-f@ _1-0_,

fe) === 21

Then, by MVT applied to f’ on the interval [r, s],
for some b in (r,s),

f//(b)=fl(s)_f(r)=1_0
S—r S —r
1 1
= > =
s—r 2

since s —r < 2.
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c) Since f”(x) exists on [0, 2], therefore f'(x) is con-
tinuous there. Since f'(r) = 0 and f'(s) = 1, and
since 0 < % < 1, the Intermediate-Value Theorem

assures us that f/(c) = %— for some ¢ between r and
s.

Section 2.7 Using Differentials and Deriva-

tives (page 134)
3dx 3
Af(x) ~df(x) = AT Z(0.08) =0.06

£(1.08) ~ £(1) + 0.06 = 2.06.

1 1
Auw du =  sec? (5) ds = 2(2)(~0.04) = ~0.04.
If s =m —0.06, then u =~ 1 — 0.04 ~ 0.96.

Ify = 1/x,then Ay ~ dy = (=1/x¥)dx. If
dx = (2/100)x, then Ay =~ (—2/100)/x = (—2/100)y, so
y decreases by about 2%.

If y = x3, then Ay ~ dy = 3x?dx. If dx = (2/100)x,
then Ay ~ (6/100)x3 = (6/100)y, so y increases by
about 6%.

If y=x"2/3 then Ay ~dy = (=2/3)x~>3dx. If
dx = (2/100)x, then Ay ~ (—4/300)x%/3 = (—4/300)y,
so y decreases by about 1.33%.

If V is the volume and x is the edge length of the
cube then V = x3. Thus AV =~ dV = 3x2Ax. If
AV = —(6/100)V, then —6x3/100 = 3x2dx, so
dx ~ —(2/100)x. The edge of the cube decreases by
about 2%.

If A = s% thens = A and ds/dA = 1/(2/A).
If A = 16 m?, then the side is changing at rate
ds/dA = 1/8 m/m?.

Since A = 7 D?/4, the rate of change of area with re-
spect to diameter is dA/dD = m D/2 square units per
unit.

Let A be the area of a square, s be its side length and L
be its diagonal. Then, L? = s 4+ 52 = 2s? and

dA
A=s2= %LZ, S0 L= L. Thus, the rate of change of
the area of a square with respect to its diagonal L is L.

Let s be the side length and V be the volume of a cube.
d
Then V = s3> = s = V1/3 and el %V'2/3. Hence,

the rate of change of the side length of a cube with re-
spect to its volume V is %V‘Z/ 3,

If f(x) = x> —12x + 1, then f/(x) = 3(x* — 4).
The critical points of f are x = +2. f is increasing on
(—o0, —2) and (2, 00) where f’(x) > 0, and is decreas-
ing on (-2, 2) where f/(x) <O.
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If y=1-x—x>, then y) = —1—5x* < 0 for all x. Thus
y has no critical points and is decreasing on the whole
real line.

If f(x) = x + 2sinx, then f/(x) = 14+ 2cosx > 0
if cosx > —1/2. Thus f is increasing on the intervals
(—(4m/3) + 2nm, (47 /3) + 2nmr) where n is any integer.

CPs x = —1.366025 and x = 0.366025
CP x = 0.521350

Flow rate F = kr*, so AF ~ 4kr® Ar. If AF = F/10,
then .
F kr
= —— = 0.025r.
40kr3 ~ 40k "
The flow rate will increase by 10% if the radius is in-

creased by about 2.5%.

Ar =

If price = $p, then revenue is $R = 4, 000p — 10p2.

a) Sensitivity of R to p is dR/dp = 4,000 — 20p. If
p = 100, 200, and 300, this sensitivity is 2,000 $/$,
0 $/$, and —2, 000 $/$ respectively.

b) The distributor should charge $200. This maximizes
the revenue.

Daily profit if production is x sheets per day is $P(x)
where

P(x) = 8x — 0.005x2 — 1, 000.

a) Marginal profit P'(x) = 8 — 0.01x. This is positive
if x < 800 and negative if x > 800.

b) To maximize daily profit, production should be 800
sheets/day.

2

x
Dail fit P=13x —Cx=13x —10x —20 — ——
aily pro 3x —Cx =13x — 10x — 20 1000

x2

=3x-20— ——
1
Graph of P is a parabola opening downward. P will be
maximum where the slope is zero:

dP 2
=_=3__x so x = 1500
dx

0 1000

Should extract 1500 tonnes of ore per day to maximize
profit.

If y =Cp™", then the elasticity of y is

_pdy ___p
Cp—r

(—r)Cp_’_1 =r.

10.

12.

14.

16.

18.

20.

SECTION 2.8 (PAGE 142)

Section 2.8 The Mean-Value Theorem
(page 142)

If f(x)= )lc, and f'(x) = _x_12 then

f(2)—f(1)_l_ _ Ly
5o 37 l=3= re

where ¢ = +/2 lies between 1 and 2.

If f(x) =cosx + (x2/2), then f'(x) = x —sinx > 0
for x > 0. By the MVT, if x > O, then

fx) — f0) = f'(c)(x — 0) for some ¢ > 0, so
f(x) > f(©) = 1. Thus cosx + (x2/2) > 1 and
cosx > 1 — (x2/2) for x > 0. Since both sides of
the inequality are even functions, it must hold for x < O
as well.

Let f(x) =(1+4+x)" —1—rx where r > 1.

Then f/(x) =r(1 +x)""1 —r.

If =1 <x <0 then f'(x) <O0; if x >0, then f/'(x) > 0.
Thus f(x) > f(0O)=0if -1 <x<Oorx>0.

Thus (1+x) >1+4+rxif -1<x<Oorx>0.

If f(x) =x2+2x+2then f/(x) =2x+2=2(x+1).
Evidently, f/(x) >0 if x > —1 and f'(x) <0 if x < —1.
Therefore, f is increasing on (—1, co) and decreasing on
(—o0, —1).

If f(x) = x> +4x + 1, then f'(x) = 3x2 + 4. Since
f'(x) > 0 for all real x, hence f(x) is increasing on the
whole real line, i.e., on (—00, 00).

1 —2x .
If f (x) = m then f’(x) = m. EV1dently,
f'(x) >0if x <0and f'(x) <O if x > 0. Therefore, f

is increasing on (—o0, 0) and decreasing on (0, 00).

If f(x) = x —2sinx, then f/(x) = 1 —2cosx = 0 at
x ==xn/3+2nnforn=0,+£1,+£2,....

f is decreasing on (—7m/3 + 2nm, w + 2nr).

f is increasing on (/3 + 2nm, —n/3 + 2(n + 1)mr) for
integers n.

If x; <x3 <...<xp belong to I, and f(x;) =0,
(1 < i < n), then there exists y; in (x;, x;+1) such that
f/i)=0,(1<i<n-—1)by MVT.

For x # 0, we have f/(x) = 2xsin(1/x) — cos(1/x)
which has no limit as x — 0. However,

F/©) = limpo f(h)/h = limysohsin(l/h) = 0

does exist even though f’ cannot be continuous at 0.

_ I x+2x%sin(1/x) ifx #0
Fe) {o if x = 0.

33
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0+h)— f(O
a) f’(O)=}}i_)n})M

h
. h+2h%sin(1/h)

=lim ——
h—0 h

= ’}irr%)(l + 2hsin(1/h) =1,
because |2k sin(1/h)| <2|h| - 0 as h — 0.
b) For x # 0, we have

f'(x) =1+4xsin(1/x) — 2cos(1/x).

There are numbers x arbitrarily close to 0 where
f'(x) = —1; namely, the numbers x = +1/(2nmw),
where n = 1, 2, 3, .... Since f/(x) is continuous at
every x # 0, it is negative in a small interval about
every such number. Thus f cannot be increasing on
any interval containing x = 0.

Section 2.9 Impilicit Differentiation
(page 147)
B+yi=1
x2
3x2 +3y%y' =0,s0 y' = 5
By+xy’ =2
3)62)/ +x3y/ + y5 +5xy4y/ =0
' —3x2y — y°
x3 4+ 5xy4
2+4y—-1)2 =4
X
2x+8(y -1y =0,50 y = ————
y—1Dy Y=1ac %)

xXJX+y=8—xy
1
SEF Yt x——0+Y)=—-y—xy
y 2’_—x+y( ) y—Xxy

20+ ) +x(1+Y) = -2/x+y(y +xy)
,=_3x+2y+2y~/x+y
x+2x/x+y

x2y3 —x3y2 =12
2xy? +3x2y2y’ —3x2y2 — 2x3yy' =0
At (—=1,2): —16 + 12y’ — 12 + 4y’ = 0, so the slope is
,_12+16 28 7
T 1244 7 16 4
Thus, the equation of the tangent line is
y=2+5(x+1),0or 7x —4y +15=0.

2

x+2y+1= Y
x—1 )
(x = 1)2yy" — y*(1)
142y =
i -2

At (2, —1) we have 142y = -2y’ —1s0 y' = —1.
Thus, the equation of the tangent is
y=—1-3(x—-2),0rx+2y=0.
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tan(xy?) = (2/m)xy

(sec?(xy?) (y? + 2xyy') = 2/m)(y + x¥").

At (=m, 1/2): 2((1/4) —7y') = (1/7) —2y’, so

y' = (m — 2)/(4n(w — 1)). The tangent has equation

1

o
y=§+4n(n—1)(x+ﬂ)~
2
TY\ X 17
cos( S )— S "3
[_ “in (n_y)] ny —y) _ 2xy—x2y
X ) y2 :
3723y — 1
At 3, 1): —“/7—”—(3———)=6—9y/,

s0 y = (108 — +/37)/(162 — 3+/37). The tangent has
equation
108 — /37

=1+
Y 162 — 343

(x —3).

x2+4y?=4, 2x+8yy' =0, 2+8()2+8yy" =0.

Thus, y' = % and
4y

—4y2 — 2 1

p_T2-800 1 # __ 1
y= 16y? 43

8y TTH 167 T

2 =3xy4+y3=1

3x2 =3y —3xy’ +3y2y' =0

6x — 3y — 3y —3xy" +6y(y")2 +3y%y" =0
Thus

2

y/= y—Xx
y2—x
" _ —2x+2}"—2}’(y')2
y2—x

2 y — x? y —x2 2
=y2—x[_x+<y2—x)_y(y2—x>]
2 —2xy _ Axy
_yz_xl:(yZ_x)Z:l_(x_y2)3'

Ax2 4+ By’ =C

A
2Ax +2Byy =0 = y/ = — 2=
By
2A +2B(y)* 4+ 2Byy" =0.
Thus,
Ax\?
—_A—-B| =
By By
_ —A(By’+Ax?) _ AC
- B2y3 - B2y3’
206
Maple gives the slope as 55"
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855, 000
Maple gives the value ——————.
aple gives the value 371,293
X2 y?
The slope of the ellipse — + += 7= =1 is found from
a?
2x 2y, . , b%x
+b2y =0, ie. vy =—m.
x2 2
Similarly, the slope of the hyperbola yvin i 1 at
(x, y) satisfies
2x 2y, , BXx
A2 - 'B‘i = 0, ory = A_Zy

JC2 b2 + BZ

Thus, VT B gZ_ar
Since gz - b22 = A% + B2, therefore B2 + b? = a2 — A2,
A“a
and 1;-5 B Thus, the product of the slope of the
two curves at (x, y) is
_b*x B b*B* A’®
aZy Ay T T a2AZ B2

Therefore, the curves intersect at right angles.

X Y X 2 2 2
=—-4+1&xy— =x"+xy+xy+
y—=y y yTy

& x2+2y2+xy =0
Differentiate with respect to x:

2

2x +4yy' +y+xy =0 = y = Aty
4y +x

However, since x? 4+ 2y2 4+ xy = 0 can be written

1 7 7
X+xy+ -y + 232 =0, or (x +2)2 + 232 =0,

4 4 2 4
the only solution is x =0, y = 0, and these values do not
satisfy the original equation. There are no points on the
given curve.

Section 2.10 Antiderivatives and Initial-Value
Problems (page 153)

2. /xzdx=%x3+C

e

®
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SECTION 2.10 (PAGE 153)

/xlzdx = Tlgxn +C

2
/(x+cosx)dx = % +sinx + C

1+ cos®x
/—i—z—dx =
cos® x

B C
f(A+Bx+Cx2)dx=Ax+5x2+—3-x3+K

/ 9-(-;‘———) dx = f(6x‘1/3 —6x~43)dx

=9x2BP +18x" 13 4+ C

/(secz x+cos x)dx = tanx+sinx+C

105/(1+t2+t4+t6)dt

=105¢+ i+ i+ L+ C
=105t + 353 + 217 + 157 + C

f&n(z) dx——2cos(2)+C

fsec(l —x)tan(l —x)dx = —sec(l1—x)+C

d
Since —+/x +1 therefore

1
dx _2«/x+1’
f 4 dx =8Vx+1+C
Vi+l '

d
Since —vVx2+1= therefore
dx

x
NCZES

V2
/mdx_Z x*+1+C.

1 1
f sinx cos x dx = / 5 sin(2x) dx = ~1 cos(2x) +C

/sinzxdx =f 1 — cos(2x) dr =X _ sin(2x) I

2 2 4
Given that
y/ — x—2 _x—3
y(=1)=0,
theny—/‘(x_2 “3)dx—— _1+1x_2+C
and 0=y(-1) = ~(-D) '+ 1(-D2+CsoC=-3
Hence, y(x) = —~1— + —1- - E which is valid on the
x 2%z 2
interval (—o0, 0).
Given that
H Y =x'7
¥(0) =5,

35
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then y = /x'/3dx =3x*?4+Cand5 =y = C.

Hence, y(x) = %x“/ 3 +5 which is valid on the whole real
line.

Given that
{ y'=x7
y(1) = -4,

then y = jx_9/7dx = —%x'zﬁ +C.

Also, —4 = y(1) = —% +C,s0C = —%. Hence,

y=—3x7%7 — 1, which is valid in the interval (0, cc).

P
For { y' = sin(2x) , we have

yw/2)=1

y= /sin(Zx) dx = —% cos(2x) + C

N =

1 1
1=—§cosn+C=5+C — C=

y= %(1 - cos(2x)) (for all x).

2 x

!
= sec
For [ y , we have

y@)=1
y= /seczxdx =tanx + C

l=tann+C=C — C=1
y=tanx + 1 (for m/2 < x < 37 /2).

Given that
y// =x—4
Y1) =2
y1) =1,

then y’ = /x“‘dx = —%x'3 +C.

Since 2 = y'(1) = —% + C, therefore C = %,
and y' = —%x“3 + % Thus

y=[(-4+Pax =t 4 et b,

and 1 = y(1) = %+ % + D, so that D = —%. Hence,

yx) = éx‘z + %x - %, which is valid in the interval

(0, 00).

Given that
Y =5x2 _ 37112
y(h)=2
y(1) =0,

36
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we have y/ = foz —3x71V24x = §x3 —6x'2 4 C.

19
Also, 2 = y'(1) = 3 —6+ C so that C = 3 Thus,

yl = %x3 —6x1/2 + 13—9, and
y= [(3 -6+ 8)dx = fxt x4 Bas D,
Finally, 0 = y(1) = % — 4+ 2 4+ D so that D = -1}

J 12 3 T

Hence, y(x) = Fx* —4x3/2 4+ Bx — L1

y" = x +sinx
For { y(0) =2
y'(©0) =0

we have

2
y/=f(x+sinx)dx= %—COSX+C1
0=0—-cos0+C; = C =1

x2 x3
y=f<7—cosx+l> dx=z—sinx+x+C2
2=0-sin0+0+C,

3
y=~6——sinx+x+2.

> C2=2

Let r1 and r, be distinct rational roots of the equation
arr —1)+br+c=0
Let y = Ax™ 4 Bx™ (x >0)
Then y' = Arix"~! 4 Bryx™~1,
and y” = Ari(r; — Dx"1 "2 4+ Bry(r; — 1)x"2~2. Thus
ax?y" 4+ bxy' +cy

=ax?(Ari(r; — Dx" 2 4+ Bry(ry — 1)x"?72

+ bx(Arix" ! 4+ Bryx"1) + c(Ax" + Bx'?)

= A(arl(rl —1)+br; + c)x"
+ B(ary(rp — 1) + bry + c)x'2
=0x"+0x?=0 (x>0)

Consider
x2y" —6y =0
yH=1
y() =1

Let y=x", y' =rx""!, ¥/ =r(r — 1)x"~2. Substituting
these expressions into the differential equation we obtain

2r(r = Dx" 2] —6x" =0
[rr —1)—6)x" =0.

Since this equation must hold for all x > 0, we must
have
rr—1)—-6=0
rP—r—6=0
r—=-3)(r+2)=0.
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There are two roots: r1 = —2, and r, = 3. Thus the
differential equation has solutions of the form

y = Ax~2 4+ Bx3. Then y’ = —2Ax~3 4+ 3Bx2. Since
1=y(1)=A+ B and 1 = y'(1) = —2A + 3B, therefore
A= % and B = % Hence, y = %x”z + %x3.

Section 2.11 Velocity and Acceleration
(page 159)

x=4+45t—t3v=5-2a=-2.

a) The point is moving to the right if v > 0, i.e., when
5

< 5-

b) The point is moving to the left if v < 0, i.e., when
t>3.

c) The point is accelerating to the right if a > 0, but
a = —2 at all ¢; hence, the point never accelerates to
the right.

d) The point is accelerating to the left if a < 0, i.e., for
all ¢.

e) The particle is speeding up if v and a have the same
sign, i.e., for t > 3.

f) The particle is slowing down if v and a have oppo-
site sign, i.e., for ¢ < %

2) Sincea=—2atallt,a=—2att=%whenv:O.

h) The average velocity over [0, 4] is
x(4)—x(@©0) 8-4 _1

4 4
ot _@E+nm-m@en  1-1#
IR (12 +1)2 T2+ 1?2’
P+ D22 -A -2+ D@D 202 -3)
a = = .
2+ 14 (t2+1)3

a) The point is moving to the right if v > 0, i.e., when
1—-2>0,0or -1 <t <1.

b) The point is moving to the left if v < 0, i.e., when
t<-—lort>1.

¢) The point is accelerating to the right if @ > 0, i.e.,
when 27(s2 — 3) > 0, that is, when

t>Bor -3 <t<0.

d) The point is accelerating to the left if a < 0, i.e., for
t<—+/30r0<t<+/3

e) The particle is speeding up if v and a have the same
sign, i.e., for t < —/3,or—1<t<0or

1<t <4/3.

f) The particle is slowing down if v and a have oppo-
site sign, i.e., for —v/3 <t < —1,0r0 <t < 1 or
t > /3.

12.

SECTION 2.11 (PAGE 159)
=0att==1. Att=—1 22 _1
g v=0ats ==l =-l,a= 27 "2
2-2) 1
Att=1,a= 2 -2

h) The average velocity over [0, 4] is
x@-x©0) -0 1
4 T4 Tar
Given that y = 100 — 2f — 4.9¢2, the time ¢ at which

the ball reaches the ground is the positive root of the
equation y = 0, i.e., 100 — 2¢ — 4.9¢2 = 0, namely,

| _ Z2+ /AT AEI)(100)
- 9.8

~ 4.318 s.

—100
The average velocity of the ball is = —23.16 m/s.
Since —23.159 = v = —2 — 9.8¢, then t ~ 2.159 s.
Let y(¢) be the height of the projectile ¢ seconds after it

is fired upward from ground level with initial speed vo.
Then

y'(t) = —9.8, y'(0) = vy, y(0)=0.

Two antidifferentiations give
y = —4.9¢% + vot = t(vo — 4.9¢1).

Since the projectile returns to the ground at t = 10 s,
we have y(10) = 0, so vp = 49 m/s. On Mars, the
acceleration of gravity is 3.72 m/s? rather than 9.8 m/s?,
so the height of the projectile would be

y = —1.8612 + vot = 1(49 — 1.86¢).
The time taken to fall back to ground level on Mars

would be t =49/1.86 ~ 26.3 s.

To get to 3k metres above Mars, the ball would have to
be thrown upward with speed

vy = /6gmh = |/6gmv3/(28) = vov/3gm/s-
Since gy = 3.72 and g = 9.80, we have vy =~ 1.067vo
m/s.

If the cliff is A ft high, then the height of the rock ¢ sec-
onds after it is thrown down is y = h —32¢ — 16¢2 ft. The
rock hits the ground (y = 0) at time

‘o —324+/322 + 64h
- 32

1

Its speed at that time is
v=—-32—-32t =—-8/16+h = —160 ft/s.

Solving this equation for & gives the height of the cliff as
384 ft.

37
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x=A?+ Bt +C,v=2Ar + B. where C; = 20 m/s (that is, 72km/h) as determined in
The average velocity over [t1, 2] is Example 6. Thus
x(2) — x(t1) 2 /3

h—h S(t)=f(20——2‘>dt=20t_€+c2,

At + Btj +C — At} — Bt — C :
= P where C, = 0 because s(0) = 0. The time taken to come

2 —h . , .
2 2 - to a stop is given by s'(f) = 0, so itis t = V40 s. The
= Al 1) + B — 1) distance travelled is
(2 —11) 1, 30
Al +n)(—h)+ Bl —1n) s =204/40 — 340 /2 ~ 843 m.
(2 — 1)

=A(t2+1t)+B.
The instantaneous velocity at the midpoint of [#1, £2] is B .

b+t Hh+ ¥1 P [, 2] Review Exercises 2 (page 160)
v =2A + B =A(t+1t)+ B.

2 2 d /I B — VT3

Hence, the average velocity over the interval is equal to 2. L /1 -x2=lim XY= Gth—vi—x
the instantaneous velocity at the midpoint. dx h—0 h

— lim 1—(x+h)?—(1-x%)
TS0 h(/T— (A1) + VI = D)

This exercise and the next three refer to the following

. . —2x—h x
figure depicting the velocity of a rocket fired from a = lim = —
tower as a function of time since firing. h=0 /1 — (x + h)?2 + /1 — x2 V1 —x2
v
(4,96) 4 t—>5
] . )= ——
8() T
4+h _
¢ (9) = lim 1+V9+h
h—0 h

B+h—VI9+R)B+h+/9+h)

= lim
h>0 h(1+ 9 +h)B+h+9Fh)
9+6h+h>—O9+h)

= lim
=0 h(1++/9+h)B3+h+V/9+h)

54+h
= lim
h=>0 (1+V9+m)B+h+9+h)
5
(14, —224) Y
Fig. 2.11.16 6. Atx = m thecurve y = tan(x/4) has slope
(secz(n/4)) /4 = 1/2. The normal to the curve there
The rocket’s acceleration while its fuel lasted is the slope has equation y = 1 — 2(x — 7).
of the first part of the graph, namely 96/4 = 24 ft/s. d14x4x?txd d . i »
8. ———— = — (x4
dx x4 dx
As suggested in Example 1 on page 154 of the text, the =—dx 0 —3x 4 —2x 3 —x72
distance travelled by the rocket while it was falling from 44 3x +2x2 4+ x3
its maximum height to the ground is the area between the =TT =
velocity graph and the part of the f-axis where v < 0. d ) . )
The area of this triangle is (1/2)(14 — 7)(224) = 784 ft. 10. L2t costy = _SCOSXSINY T SIMYCOSY
This is the maximum height the rocket achieved. dx 24/24cosZx /2 +cos?x
d Vi+12-1
12 ————
Let s(¢) be the distance the car travels in the ¢ seconds dt J1+12 41 ; ;
after the brakes are applied. Then s”(t) = —t and the WIF24+)—— — 1 +2=1)
velocity at time ¢ is given by _ V1412 V1412
(V1+2+1)?
, 4 2 c 2t
t) = —t)dat = —— =
0= [na=-F+cn JIT Wt 417
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. Adx+1-3 .
lim ———— = lim 4
x—>2 x—2

(1/x»H —(1/a®)
x+a -

—_ 2 (a2
lim =4 +h) (—=a)
h—0 h
d 1

dxx

lim

X—>—a

2
3

X=-a

1 _ SR
2WaE T x

d
a[f(«/?)f =2f(/X) f (Wx)

d f(x) —gx)
dx f(x)+ g(x)
1

T @) g2
— (f(x) — g (') + g’(x)]

_ 2Af 08 —
(F &) + g

d (gD _ 2% xH —g(x?) , (8(x?)
pred ( )_ x2 f ( )

X X

[f(x) + 8N (f'(x) — &' (x))

d [cos fx)
dx\ sing(x)

1 sin g(x)
cos f(x)

—f'(x) sin f (x) sin g(x) — g'(x) cos f(x) cos g(x)
(sin g(x))?

3/ 2x sin(y) + 8y cos(rx) =2
3/2sin(y) + 3mw+/2x cos(y)y’ + 8y’ cos(m x)
—8rysin(wrx) =
At (1/3,1/4): 347y’ +4y — /3 = 0, so the slope
w3 -3

T+4

2
= f(x—‘/2 +x12)dx = 2/% + 5x3/2 +C

there is y’ =
14+x
d
f i

/(Zx + D¥dx = f(16x4 +32x3 +24x% 4+ 8x + 1) dx

16
=Tx+8x +83 +4x2+x+C

or, equivalently,

f(2x + D*dx

If g'(x) = sin(x/3) + cos(x/6), then

2x + 1)°
(x+) +C

g(x) = —3cos(x/3) + 6sin(x/6) + C.

2
=—==3 34.

F@)g' ) 36

38.

REVIEW EXERCISES 2 (PAGE 160)

If (;,2) lies on y = g(x), then —(3/2) +3+C =2, so
C =1/2 and g(x) = —3cos(x/3) + 6sin(x/6) + (1/2).

If f/(x) = f(x) and g(x) = x f(x), then
) =f@)+xf/(x)=0+x)f(x)
@) =fO+0+x0)fx)=Q+x)f(x)
X)) =f@O)+Q+x)f(x)=C@+x)f(x)

Conjecture: g™ (x) = (m+x)f(x) forn=1,2,3, ...
Proof: The formula is true for n = 1, 2, and 3 as shown
above. Suppose it is true for n = k; that is, suppose
g®(x) = (k +x)f(x). Then

d
(k+1) —
g 0 = - (& +0f)
=f)+Ek+x)f'(x)=(k+1)+x)f).

Thus the formula is also true for n = k+1. It is therefore
true for all positive integers n by induction.

The tangent to y = +/2+x2 at x = a has slope
a/~/2 + a? and equation

y=v2+at+

(x —a).

a
V2 +a?
This line passes through (0, 1) provided

2

1=v2+a? -

V2 +a?
V2+a2=2+a?>-a*=2
2+(12=4

The possibilities are a = £+/2, and the equations of the
corrresponding tangent lines are y = 1 % (x/~/2).

% (sin" x cos(nx))

n—1

= nsin"~" x cos x cos(nx) — n sin” x sin(nx)

= nsin®"! x[cos x cos(nx) — sin x sin(nx)]

= nsin™! x cos((n + 1)x)

% (cos" x sin(nx))

n—1

= —ncos" ™" x sinx sin(nx) + n cos” x cos(nx)

=ncos"! x[cos x cos(nx) — sinx sin(nx)]

= ncos" ! x cos((n + 1)x)

Zld; (cos" x cos(nx))

n—1

= —ncos” ™" x sinx cos(nx) — ncos” x sin(nx)

= —ncos" ! x[sin x cos(nx) + cos x sin(nx)]

= —ncos" ! xsin((n + 1x)

39
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REVIEW EXERCISES 2 (PAGE 160)

The average profit per tonne if x tonnes are exported is
P(x)/x, that is the slope of the line joining (x, P(x)) to
the origin. This slope is maximum if the line is tangent
to the graph of P(x). In this case the slope of the line is
P’(x), the marginal profit.

PV = kT. Differentiate with respect to P holding T

constant to get

dv
V4+P—=0
+ dpP

Thus the isothermal compressibility of the gas is
1 dv _ 1 \% _ 1
vdp v\ P} P

The first ball has initial height 60 m and initial velocity
0, so its height at time ¢ is

y1 = 60 — 4.9¢> m.

The second ball has initial height 0 and initial velocity
vo, so its height at time ¢ is

y2 = vot — 4.9t m.

The two balls collide at a height of 30 m (at time T,
say). Thus
30 = 60 — 4.972

30 = voT — 4.9T2.

Thus voT = 60 and T2 = 30/4.9. The initial upward
speed of the second ball is

6 /4.
vy = —0 = 60 Q =~ 24.25 m/s.
T 30

At time T, the velocity of the first ball is

d

= —9.8T ~ —24.25 m/s.
dt

t=T

At time T, the velocity of the second ball is

dya

= — 98T = .
T vo—9.8 0 m/s

t=T

P =2n.L]g =2nL12g=1/2,
a) If L remains constant, then
dpP
AP =~ ’r Ag=—mLY?g732 Ag

AP  —mL1/2g732 Ap— _LAg
P 2mLiig-1z S8 :

40
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If g increases by 1%, then Ag/g = 1/100, and
AP/P = —1/200. Thus P decreases by 0.5%.

b) If g remains constant, then

dP
AP~ —- AL = aL712g712 AL

AP mL™'2g712 1AL
P 2xL2g 127" T 2L

If L increases by 2%, then AL/L =2/100, and
AP/P =1/100. Thus P increases by 1%.

Challenging Problems 2 (page 161)

flx)=1/x, f2)=09.
Fx2+5) = £9) oy L+t h?) — £(9)

a) JEI—IPZ x—2 h—0 h
. fO+4h+hY) —fO) 4h+h?
= lim X
h—0 4h + h? h
—im LOFO =IOt
k—0 k h—0
=f'9) x4= ‘—‘
9
JFW -3 . JTCIR-3
b) lim —— = lim —m———
x—>2 x—2 h—0 h
. fQ+h -9 1
= lim X
h—0 h Jf2+h)+3
o 11
=/ @x 6 127
_[x ifx=1,1/2, 1/3, ...
fx) = le otherwise
a) f is continuous except at 1/2, 1/3, 1/4, .... It is

continuous at x = 1 and x = 0 (and everywhere
else). Note that

limx?=1= f(1),
x—>1

. 2 .
=1 =0=f(
Jim x* = li x =0= /0

b) If a =1/2 and b = 1/3, then

f(a)+f<b)=1(1+1) 5

2 2\273) T 1

If 1/3 < x < 1/2, then f(x) = x? < 1/4 < 5/12.
Thus the statement is FALSE.

¢) By (a) f cannot be differentiable at x = 1/2, 1/2,
.... It is not differentiable at x = 0 either, since

lim Oh—I;éO—limhz_O
a0 - Ths0 kO

f is differentiable elsewhere, including at x = 1
where its derivative is 2.
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6. Given that f'(0) =k, f(0) # 0, and
fx+y)= f(x)f(y), we have

FO) = fO0+0) = O f©) = fO =0 or
Thus £(0) = 1.
v _ o FOHR) = £ ()
Feo = jim, h
i L@ — f)

h—0 h

8. 00 =)im LEFOZTE g pm

= fO)f(0) =kf(x).

o FEmR =@
h—0 —h h—0
'@ =37+ ')
! (i L= 100

2 \n—0 h
+ lim @) - f&x —h))
h—0 h
i G R — fx—h)
= lim .
h—0 2h
b) The change of variables used in the first part of (a)
shows that
lim fx+h) - fix) and  lim f@) - fx—-h
h—0 h h—0 h

are always equal if either exists.

c) If f(x) = |x|, then f/(0) does not exist, but

lim fO+hm - fO-h = lim A — 1A] = lim

h—0 2h h—0 h h—0

10. By symmetry, any line tangent to both curves must pass

through the origin.

y
\x2+4x+1 %
’ T X

y=—-x2+4x—1

Fig. C-2.10

im fx) - fx—h
- .

CHALLENGING PROBLEMS 2 (PAGE 161)

The tangent to y = x2 + 4x + 1 at x = a has equation

y=a’+4a+1+ Qa+4)(x —a)
=Qa+dHx — (@ -1,

which passes through the origin if @ = £1. The two
common tangents are y = 6x and y = 2x.

The point Q = (a, a?) on y = x? that is closest to
P = (3,0) is such that PQ is normal to y = x% at Q.
Since PQ has slope a?/(a — 3) and y = x? has slope 2a
at O, we require

a? 1

a-3 2a’
which simplifies to 2a®> + a — 3 = 0. Observe that a = 1
is a solution of this cubic equation. Since the slope of
y = 2x3 + x — 3 is 6x2 + 1, which is always positive,
the cubic equation can have only one real solution. Thus
Q = (1,1) is the point on y = x? that is closest to P.
The distance from P to the curve is |PQ| = /5 units.

Parabola y = x2 has tangent y = 2ax — a2 at (a, a?).
Parabola y = Ax? + Bx + C has tangent

y = (2Ab + B)x — Ab*> +C
at (b, Ab? + Bb + C). These two tangents coincide if
2Ab+ B =2a (%)
Ab? — C =a?.

The two curves have one (or more) common tangents if
(%) has real solutions for a and b. Eliminating a between
the two equations leads to

(2Ab + B)? = 4Ab* — 4C,
or, on simplification,
4A(A — Db* +4ABb + (B® +4C) = 0.
This quadratic equation in b has discriminant
D = 16A2B?—16A(A—1)(B>+4C) = 16A(B*>—4(A—1)C).

There are five cases to consider:

CASEL If A =1, B #0, then (x) gives

B?+4C B2—4C
4B ' = 4B
There is a single common tangent in this case.

CASE 1L If A =1, B =0, then (x) forces C = 0, which
is not allowed. There is no common tangent in this case.

CASE IIL If A # 1 but B2 = 4(A — 1)C, then
“24-1D " 7

b=

b

41
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There is a single common tangent, and since the points
of tangency on the two curves coincide, the two curves
are tangent to each other.

CASEIV. If A # 1 and BZ—4(A—1)C < 0, there are no
real solutions for b, so there can be no common tangents.

CASE V. If A # 1 and B2 — 4(A — 1)C > 0, there are
two distinct real solutions for b, and hence two common
tangent lines.

y y

X
one common
two common tangent

tangents

tangent curves
y y

X X

no common
tangent

Fig. C-2.14

16. a) y = x* — 2x? has horizontal tangents at points x
satisfying 4x3 — 4x = 0, that is, at x = 0 and
x = =£1. The horizontal tangents are y = 0 and
y = —1. Note that y = —1 is a double tangent; it is
tangent at the two points (1, —1).

b) The tangent to y = x* — 2x? at x = a has equation

y =a* —2a% + (4a® — 4a)(x — a)
= 4da(a? — 1)x — 3a* + 242

Similarly, the tangent at x = b has equation
y = 4b(b* — 1)x — 3b* + 2b2.

These tangents are the same line (and hence a dou-
ble tangent) if

da@* — 1) =4b@®* - 1)
—3a* + 2a% = —3b* + 22,

42

18.

c)

a)

b)

R. A. ADAMS: CALCULUS

The second equation says that either a> = b? or
3(a? + b%) = 2; the first equation says that

a3 —b% = a — b, or, equivalently, a +ab + b* = 1.
If a2 = b?, then a = —b (a = b is not allowed).
Thus @2 = b = 1 and the two points are (1, —1)
as discovered in part (a).

If a2 +b% = 2/3, then ab = 1/3. This is not possible
since it implies that

0=a?+b%>—2ab=(a—b)?>0.

Thus y = —1 is the only double tangent to
y= x4 —2x2.

If y = Ax + B is a double tangent to

y =x*—-2x2+x,theny = (A—1Dx+Bisa
double tangent to

y = x% - 2x2. By (b) we must have A — 1 =0
and B = —1. Thus the only double tangent to
y=x*-2x24xisy=x—1.

n nmw

cos(ax) = a" cos (ax + T)

Claim:
aim v

Proof: For n = 1 we have
d . T
— cos(ax) = —asin(ax) = acos (ax + —) s
dx 2

so the formula above is true for n = 1. Assume it is

true for n = k, where k is a positive integer. Then

dtt! @y = Lot L
dx—k“-cosax)_dx a” cos | ax )

IR
=a" | —asin ax+7

k+1
= at! cos (ax + (-FT)]T) .

Thus the formula holds forn = 1, 2, 3, ... by

induction.
n

. . . nmw
Claim: e sin(ax) = a”" sin (ax + T)

Proof: For n = 1 we have
d b4
ox sin(ax) = a cos(ax) = asin (ax + E) s

so the formula above is true for n = 1. Assume it is
true for n = k, where k is a positive integer. Then

drtt _d [, L
deHsm(ax) =T a” sin | ax 2

oo (a5
=a |acos ax+7

k+1
= a**1sin (ax + f——_-zl) .

Thus the formula holds forn = 1, 2, 3, ... by
induction.

forum.konkur.in



www.konkur.in

STUDENT SOLUTIONS MANUAL

CHALLENGING PROBLEMS 2 (PAGE 161)

¢) Note that It now follows from part (a) that

d . . .
E_(COS4 x + sin* x)=—4 cos? x sinx + 4 sin’ x cos x
x

= —4sinx cos x(cos® — sin® x)
= —2sin(2x) cos(2x)

= —sin(4x) = cos (4x + Z;—) .

forum.konkur.in

n

dx"

(cos* x + sin* x) = 4" cos (4x + %) .
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SECTION 3.1 (PAGE 169)

CHAPTER 3. TRANSCENDENTAL FUNC-
TIONS

Section 3.1 Inverse Functions (page 169)

fx)=2x—1. If f(x1) = f(x2), then 2x; —1 =2x2—1.

Thus 2(x; — x2) = 0 and x; = x2. Hence, f is one-to-
one.

Let y= f~!(x). Thus x = f(y) =2y — 1, so
y=1@x+1. Thus f~1(x) = 1x + D).

D(f) = R(f™1) = (—00, ).

R(f) = D(f™1) = (00, ).

fx)=—+x—1forx>1.

If f(x1) = f(x2), then —/x1 — 1 = —/x2 — 1 and

x1 — 1 =xp — 1. Thus x; = x2 and f is one-to-one.
Lety = f~'(x). Thenx = f(y) = —/y—1 so
x2=y—1and y=x2+41. Thus, f~1(x) =x2+1.
D) = R(F™) = [1,00). R(f) =D(f™) = (~00,0].

fx) = 14+ ¥x If f(x1) = f(x2), then

14+ 3/x; = 14 /x5 so x; = xp. Thus, f is one-to-
one.

Lety = f~!(x) sothatx = f(y) = 1+ 3/3. Thus
y=@x-13and f~1(x) = (x — 1)3.

D(f) = R(f™1) = (00, ).

R(f) = D(f ™) = (—00, 00).

f@x)=(1-2x). If f(x1) = f(x2), then

(1 =2x1)% = (1 —2x2) and x; = x2. Thus, f is one-to-
one.

Let y = f~1(x). Then x = f(y) = (1 —2y)3 so

y =30 — ¥x). Thus, f~'(x) = (1 — ).

D(f) = R(f ™) = (o0, 00).

R(f) = D(f™) = (—00, ).

fe) = IL If f(x1) = f(x2), then — az
+x

Hence x;(1 + x2) = x2(1 + x1) and, on simplification,
x1 = x3. Thus, f is one-to-one.

Lety = f~l(x). Thenx = f(y) =

and

y
X 1+y
x(1+y)=y. Thus y = ;— = .

D(f)=R(f™H = (=00, —1) U (1, 00).
R(f) = D(f~1) = (—00, 1) U (1, o0).

44
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X
f(xx) = \/xz:_l.;z If f(x;) = f(xz), then
1

= LW
S+ g+
Thus x}(x3 +1) = x2(x} + 1) and x7 = x3.
From (*), x; and x, must have the same sign. Hence,
x) = x2 and f is one-to-one.
Let y= f~1(x). Then x = f(y) =

Y
Vy2+1
3 Since f(y) and y

x
x
have the same sign, we must have y = ——, s0

V1 —x2

and

2

x2(y2 4+ 1) = y2. Hence y? = 7 i

B D
==

D(f) = R(f~1) = (=00, 00).
R()=D(fH=(11.

h(x) = f(2x). Let y = h~1(x). Then x = h(y) = fQ2y)
and 2y = f~1(x). Thus h~'(x) =y = $ f~1(n).

m(x) = f(x —2). Let y =m~!(x). Then
x=m(y)=f(y—2),and y -2 = f~'(x).
Hence m~1(x) =y = f1(x) +2.

q(x) = feo) =3 Let y = g~ !(x). Then
2 -3

x=q@(y)= I(y—;— and f(y) =2x + 3. Hence

g '@ =y=f"2x+3).

s(x) = i t?g; 1Let y =s"1(x).

Then x =s(y) = A f(y). Solving for f(y) we obtain
. 1=f 1

_r- B ORI Y
fo= park Hence s l(x) =y = f (x+1)'
gx)=x3if x >0, and g(x) =x' if x <0.

Suppose f(x1) = f(x2). If x1 > 0 and x2 > O then

x13 = xg’ SO X1 = Xx2.

Similarly, x; = x; if both are negative. If x; and x, have
opposite sign, then so do g(x1) and g(x2).

Therefore g is one-to-one. Let y = g~ '(x). Then
ify>0

if y<O.

x13 if x>0

x3 if x <O.

3
x=g(y) = {y
yl/3

Thus g'l(x) =y= {

y=fT®) e x=fO0)=y+y Tofindy=f"'(Q
we solve y> + y = 2 for y. Evidently y = 1 is the only
solution, so f~1(2) = 1.

h(x) = =3 if x|x| = —4, that is, if x = —2. Thus
h1(=3) = 2.
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fx)=142x3
Let y = f—l(x).
Thus x = f(y) = 1 + 2y3.
1 1

— 2d_y —1y/ _ ﬂ _ _
b=6y o o Um0 = =67 = 67 mP

If f(x)=xv3+x%and y= f"'(x), then
x=f(y)=yy3+y?% so,

2yy’ V3+y?
1=y /3+y2+y—2xr = "= .
VI y = V=30,

Since f(—1) = —2 implies that f‘l(—2) = —1, we have

Note: f(x) =xv/3+x2=-2=x23+x%)=4
x4 432 -4=0= 2+ HR2 -1 =0.
Since (x2 +4) = 0 has no real solution, therefore
x2—1=0and x =1 or —1. Since it is given that
f(x) = —2, therefore x must be —1.

g(x) = 2x +sinx = g'(x) = 2+ cosx > 1 for
all x. Therefore g is increasing, and so one-to-one and
invertible on the whole real line.

y=8"'(x) & x = g(y) =2y +siny. For y = g71(2),
we need to solve 2y +siny — 2 = 0. The root is between
0 and 1; to five decimal places g~1(2) = y ~ 0.68404.
Also

dx dy
1l=—=2 -
I ( +cosy)dx

ey =%2 !

= —— =~ 0.36036.
dx|,_p 2+4cosy

If y=(fog) !(x), then x = f o g(y) = f(g(»)). Thus
g = fx) and y = g7 1(f1x) = g7 o f ().
That is, (fog)~ ! =g~ 'o 1.

Let f(x) be an even function. Then f(x) = f(—x).
Hence, f is not one-to-one and it is not invertible.
Therefore, it cannot be self-inverse.

An odd function g(x) may be self-inverse if its graph is
symmetric about the line x = y. Examples are g(x) = x
and g(x) = 1/x.

38.
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SECTION 3.2 (PAGE 173)

First we consider the case where the domain of f is a
closed interval. Suppose that f is one-to-one and con-
tinuous on [a, b], and that f(a) < f(b). We show that
f must be increasing on [a, b]. Suppose not. Then there
are numbers x; and xp witha < x; < x» < b and
fx1) > f(x2). If f(x1) > f(a), let u be a number
such that 4 < f(x1), f(x2) < u, and f(a) < u. By
the Intermediate-Value Theorem there exist numbers ¢y in
(a, x1) and c3 in (x, x2) such that f(c;) = u = f(c2),
contradicting the one-to-oneness of f. A similar con-
tradiction arises if f(x;) < f(a) because, in this case,
f(x2) < f(b) and we can find c; in (x1, x2) and ¢; in
(x2, b) such that f(c1) = f(c2). Thus f must be increas-
ing on [a, b].

A similar argument shows that if f(a) > f(b), then
f must be decreasing on [a, b].

Finally, if the interval I where f is defined is not
necessarily closed, the same argument shows that if [a, b]
is a subinterval of / on which f is increasing (or de-
creasing), then f must also be increasing (or decreasing)
on any intervals of either of the forms [x1, b] or [a, x2],
where x1 and x; arein / and x; <a < b < x3. So f
must be increasing (or decreasing) on the whole of /.

Section 3.2 Exponential and Logarithmic
Functions (page 173)

21/281/2 - 21/223/2 - 22 =4
2x
(= =1
If log,(3) = y then4” = }, or 2% = 273 Thus
2y = -3 and logy(}) =y = —3.

#2=8 = log8=3 = 2uE=22=2/

Since log, (x!/0°8?) =

log, x = 1, therefore
log, x

xWog,x) — o1 — 4.

log, (x(logy y2)) =log,(2x) =log, x +log, 2

=1+1log,2=1
+ log, +log2x

log15 75 =+ 10g15 3= 10g15 225 =2
(since 15% = 225)

42 A 32
2log; 12 — 4log; 6 = log, (24_(”2)
= log3(37%) = —2

log, (1 — cosx) +log, (1 + cosx) —2log, sinx

o (1 —cosx)(1 + cosx) —1 sin® x
= 108 sin? x 7 sin? x

=log,1=0

45
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logy 5 = (logyq 5)/(logo 3 ~ 1.46497

xV2=3, V2log o x = log;o 3,
x = 1008103/v2 ;2 17458

log; x =5, (logygx)/(logyy3) =5,
logjox = 5log;p3, x = 10198103 = 35 = 243

Let log, x = u, log, y = v.
Then x = a*, y = a".
u
Thus = = & = g=®
y a’

and log,, (%) =u—v=Ilog,x —log, y.

Let log, x = u, log,a = v.

Thus b* = x and b = a.
Therefore x = b* = pV#/¥) = g4/v
log;, x

log,a’

and log, x = Z-
v

First observe that logg x = logs x/log3 9 = §logz x. Now

2log; x 4+ logg x = 10

log, x4 log; x12=10

logz x°/2 = 10

x32 =310 5o x = (310)2/5 = 34 — g1

Note that log, (1/2) = —log,2 = —1/log, x.

Since limy_, o+ logyx = —oo0, therefore
lim,_, o4 log,(1/2) = 0.

Note that log, 2 = 1/log, x.

Since limy1-log, x = 0—, therefore
limy—, - log, 2 = —oo0.
y='W=x=fo=a
dx dy
1 = — = k y_-
¢ dx
dy 1 _ 1
dx ~ ka’  kx

Thus (f~1)(x) = 1/(kx).

Section 3.3 The Natural Logarithm and Ex-
ponential (page 181)

In(e'2e*P) = 1 + % =1
e(3 ln9)/2 — 93/2 — 27
. 2
e21ncosx + (lnesmx) —_ COSZx + sin2x =1

4ln/x+6In(x'?) =2lnx +2Inx =41lnx
In(x? + 6x +9) = In[(x + 3)%] = 2In(x + 3)
3x — 91—x = 3)( — 32(1—x)

= x=2(1-x) = x=§
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2x2—3=4x=22x=>x2_3=2x
-2 -3=0=@x—-3NEx+1)=0
Hence, x = —1 or 3.

In(x2 — x —2) = In[(x — 2)(x + 1)] is defined if
(x—2)(x+1) >0, thatis,if x < —1 or x > 2. The
domain is the union (—o0, —1) U (2, 00).

In(x2 —2) <Inx holds if x> > 2, x > 0, and x2 —2 < x.
Thus we need x > /2 and x2 — x —2 < 0. This latter
inequality says that (x — 2)(x 4+ 1) < 0, so it holds for
—1 < x < 2. The solution set of the given inequality is

(+/2,2].

y =xe* —x, y/=e"+xe"—l

y = x2 ex/2’ y/ — 2xex/2 + %XZ ex/2
3
=1In|3x —2|, "=
y [3x —2| Y=33
fEO =, fix) ="
d 1
x =é Int, 2 3% Int 4+ -
dt t
e 1 . e*
y_1+e"_ 14e*’ y_(1+ex)2
y=e"* cosx, y =—e*cosx —e Fsinx
y=xlhx —x
1
y’=lnx+x(—) —1=Inx
x
y =In|sinx]|, y = X cotx

sin x

y = 2(x2_3x+8)’ yl — (2x _ 3)(1[1 2)2(x2—3x+8)

h(t) =t* —x', (@) =xt*"1 —x'Inx
In(2. 3
g(x) = log, (2x +3) = M&x+3)
Inx

2 1
Inx (2x T 3) — [In2x + 3)] (;)

8 (x) = (lnx)2
_ 2xInx — (2x + 3) In(2x + 3)
- x(2x +3)(In x)2

Inx
Given that y = —) ,let u = Inx. Then x = ¢* and
X

u
y = (—) =(e7“)" = e, Hence,
dy dy d 1 21 1\~
222 (Cque) (‘) - (_) '
X X

x \x
y=In|x + vx2 — a?|
2x
[ -
/ 2vx§—-a2 — 1
x++/x2—a? Vx2 —qa?
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cos x x Incos x

y = (cosx)* —x =e

1
y = e"1“°°s"[ln cosx +x (——) (- sinx)]
cosx

_ e(cos x)(Inx)

1
— g(cosx)(Inx) [— sinxInx + — cos x]
x
= (cosx)*(Incos x — x tan x)

. 1
- x°°s"(— sinxInx + —cosx
x

Since

d
a(ax2 +bx + c)e* = (2ax + b)e* + (ax? + bx + c)e*

= [ax? + (2a + b)x + (b + ¢)}e*
= [Ax2 + Bx + C]é*.

Thus, differentiating (ax? + bx + c)e* produces another
function of the same type with different constants. Any
number of differentiations will do likewise.
fx)=In@x+1)

'@ ==n2ex+ 17
FP@) =-6N2*@x+ 1™

Thus, if n = 1,2, 3, ... we have
fP@) = ()" n - 2" Qx + 1)~

flx)=22x+ 17!

Given that x** L= a where a > 0, then
Ina =x"x'. Inx =alnx.
1 1/a 1
Thus Inx = — Ina = Inal/?, so x = al/a.
a
VT+x(1 —x)13
Fx)= ——mM@Mm+—
(1 + 5x)4°
InF(x) = 3In(1+x) + §In(1 —x) — $In(1 + 5x)
F'(x) _ 1 1 4
Fx)  20+x) 3(1-x) (@1+5x)
1 1 4 1 1 23
FFO=F0)|=-=--- = -z —4|=—-—
©0) ()[2 3 1] (1)[2 3 4] =

Since y = x2¢~*", then
’ —x? 3 ,—x2 —x2
y =2xe ™ —2x’e =2x(1 —-x)1 +x)e™™.

1
The tangent is horizontal at (0, 0) and (:I:l, —).
e

. 1
Since y = Inx andy’=—=4thenx=%and
x

y = ln}t = —In4. The tangent line of slope 4 is
y=—In4+4(x — %), ie,y=4x—1—1In4.

@) =@2°ex + 173

62.

64.

66.

68.
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1 1
The slope of y=Inx at x = ais y = — =;.The
line from (0, 0) to (a, Ina) is tangent to y x==‘inx if

Ina-0 1

a-0 a
. . C X
ie, if Ina =1, or a = e. Thus, the line is y = e

y
(a,Ina)
X
y=Inx
Fig. 3.3.62

The tangent line to y = a* which passes through the
origin is tangent at the point (b, a?) where

a® -0 d

=—ax

=a’Ina.
b - 0 dx x=b

1
Thus 5= Ina, so a? = al/"¢ = ¢. The line y = x will
intersect y = a* provided the slope of this tangent line
. . e
does not exceed 1, i.e., provided 3 < l,orelna < 1.
l/e.
y

Thus we need a < e

b, a")

y=a

Fig. 3.3.64

xe? +y—2x=m2=¢e +xey +y —2=0.
At (1,In2),2+2y'+y' —-2=0=y =0.
Therefore, the tangent line is y = In2.

Fa,p(x) = Ae” cosx + Be* sinx

d
—F,
I A,B(x)

= Ae”* cosx — Ae* sinx + Be* sinx + Be* cosx
= (A + B)e* cosx + (B — A)e” sinx = Fap p—a(x)

—x(Ae‘”‘ cos bx + Be™ sinbx)

= Aae™ cosbx — Abe® sinbx + Bae™ sinbx
+ Bbe** cosbx
= (Aa + Bb)e® cosbx + (Ba — Ab)e®* sinbx.

47
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(@) If Aa+Bb=bl and Ba— Ab =0, then A = 32_125
and B = m Thus

/ e cosbxdx

1
(ae‘”‘ cos bx + be™ sin bx) +C.

a2y
() If Aa+Bb =0 and Ba—Ab = 1, then A = —b
“a v T a2+p?
and8=m. Thus

/ e sinbxdx

1

= 2R (ae‘”‘ sinbx — be™ cos bx) +C.

1 1
72. ln£=1n<x—>=lnx+ln—=lnx—lny.
y y y

74. Letx > 0, and F(x) be the area bounded by y = 2, the
t-axis, t =0and t =x. For h > 0, F(x + h) — F(x) is
the shaded area in the following figure.

y

x x+h

Fig. 3.3.74

Comparing this area with that of the two rectangles, we
see that

hx* < F(x +h) — F(x) < h(x +h)%.
Hence, the Newton quotient for F(x) satisfies

2 FG+h)—F®)
rIrI<—

- < (x +h)2

Letting & approach O from the right (by the Squeeze The-
orem applied to one-sided limits)

F(x+h)— F(x) 2
im —————————~ = x"°.
h—>0+ h

48
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Ifh<0and 0 < x+h < x, then

o+ h)? < w_ﬁh):_ﬂ’fl <2
so similarly,
. Fx+h—Fkx ,
lim ——————— = %",
h—0— h

Combining these two limits, we obtain

d . Fx+h)—F(x)
ax [ )= Jim, h =
Therefore F(x) = /x2 dx = %x:" + C. Since

F(0) = C = 0, therefore F(x) = 1x3. Forx = 2,
the area of the region is F(2) = g square units.

Section 3.4 Growth and Decay (page 188)
X

lim x¢* = lim — =00
X—>00 X—>00 X

. x—2e* 1-2/(xe*) 1-0
lim ——— = lim = =
x—00 x + 3e™*  x—o0 14 3/(xe*) 140
x—=>0+ X

3

lim (Inx) =0 (power wins)

X—>00

Let y(#) be the number of kg undissolved after ¢ hours.
Thus, y(0) = 50 and y(5) = 20. Since y'(¢) = ky(z),
therefore y(t) = y(0)e® = 50e. Then

Sk — 1 2
20 = y(5) = 50¢* = k=2

If 90% of the sugar is dissolved at time T then
5= y(T) = 50¢T, so

1 1 5.1

T=2"%~ o

12.56.
k10

Hence, 90% of the sugar will dissolved in about 12.56
hours.

Let P(z) be the pércentage remaining after ¢ years. Thus
P'(t) =kP(t) and P(t) = P(0)ek = 100e*'. Then,

1 1
1690k
= = 100 = k = —— In - = 0.0004101.
50 = P(1690) = 100e k 1690 n2

a) P(100) = 100e!9% =~ 9598, i.e., about 95.98%
remains after 100 years.

b) P(1000) = 100e!%0% ~ 66.36, i.e., about 66.36%
remains after 1000 years.
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Let N(t) be the number of bacteria in the culture ¢ days
after the culture was set up. Thus N(3) = 3N(0) and
N(7) = 10 x 10°. Since N(z) = N(0)e*’, we have

3N(©) = N(3) = NO)e* = k = 1 3.
107 = N(7) = N(0)e’™* = N(0) = 107~ /313 ~ 770400.

There were approximately 770,000 bacteria in the cul-
ture initially. (Note that we are approximating a discrete
quantity (number of bacteria) by a continuous quantity
N(¢) in this exercise.)

Since

I'®) =kI@) = 1(t) = 1(0)e" = 40,
15

1 3
15 =1(0.01) =40e%0% = k= —_In = = 2
(0.01) e = 0,01 In 20 1001n8,

thus,

3 3 100¢
1() = 40exp (100: In §) — 40 (g) _

Let y(t) be the value of the investment after ¢ years.
Thus y(0) = 1000 and y(5) = 1500. Since

y(@) = 1?00e’“ and 1500 = y(5) = 1000e°*, therefore,
k= 3 In 3

a) Let ¢ be the time such that y(¢) = 2000, i.e.,

1000e** = 2000

1
= t=-In2= Sln2

= =8.55.
k In(3)

Hence, the doubling time for the investment is about
8.55 years.

b) Let r% be the effective annual rate of interest; then
r
1000(1 + —) = y(1) = 1000e*
1+ 100) y(1) 000e
=r = 100(e* — 1) = 100[exp (1 In 3) — 1]
= 8.447.

The effective annual rate of interest is about 8.45%.

Let i% be the effective rate, then an original investment
of $A will grow to $A(l + T;—O) in one year. Let r%

be the nominal rate per annum compounded n times per
year, then an original investment of $A will grow to

n
r
$A(l +—100n)

SECTION 3.4 (PAGE 188)

in one year, if compounding is performed n times per
year. For i =9.5 and n = 12, we have

9.5 r 12
$A(l + -ﬁ) = $A<1 + 1200)

=r = 1200( '¥/1.005 — 1) =9.1098.

The nominal rate of interest is about 9.1098%.

22. Let N(¢) be the number of rats on the island ¢ months
after the initial population was released and before the
first cull. Thus N(O) = R and N(3) = 2R. Since
N(t) = Re¥, we have e3* = 2, so ¢k = 2173, Hence
N(5) = Re’* = 25/3R. After the first 1,000 rats
are killed the number remaining is 25>°R — 1,000. If
this number is less than R, the number at the end of
succeeding 5-year periods will decline. The minimum
value of R for which this won’t happen must satisfy
25/3R—1,000 = R, that is, R = 1,000/(25/3 —1) = 459.8.
Thus R = 460 rats should be brought to the island ini-
tially.

d
24, a) The concentration x(t) satisfies & _ a — bx(z).

This says that x(¢) is increasing if it is less than a/b
and decreasing if it is greater than a/b. Thus, the
limiting concentration is a/b.

b) The differential equation for x(z) resembles that of
Exercise 21(b), except that y(x) is replaced by x(¢),
and b is replaced by —b. Using the result of Exer-
cise 21(b), we obtain, since x(0) =0,

a

x(t) = (x(O) - %) e+

=2 (1-e™).

c) We will have x(1) = }(a/b) if 1 — e = 1, that is,
if e = 1, or —bt = In(1/2) = —In2. The time
required to attain half the limiting concentration is
t = (In2)/b.

26. Let T(¢) be the temperature of the object ¢ minutes after
its temperature was 45°C. Thus T'(0) = 45 and

dT
T@40) = 20. Also I = k(T + 5). Let
u(®) = T@) + 5, sou() = 50, u(40) = 25, and
u dT

Z = E = k(T +5) = ku. Thus,

u(t) = 50et,

25 = u(40) = 50¢*%,

1,25 1 1

49
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We wish to know ¢ such that 7(t) = 0, i.e., u(¢) = 5,
hence
=u(t) = 50e*

Hence, it will take about (132.88 — 40) = 92.88 minutes
more to cool to 0°C.

By the solution given for the logistic equation, we have

_ Lyo
yo + (L — yo)e~2k

Lyo

yp=—
yo+ (L — yo)e*

y2

Thus y1 (L — yo)e ™ = (L — y1)yo, and
y2(L = yo)e™* = (L — y2)yo.
Square the first equation and thus eliminate e*:

((L - )’1))’0>2 _ L =y)y
yi(L = yo) y2(L — yo)

Now simplify: yoy2(L — y1)* = yH(L — yo)(L — y2)
yoy2L2=2y1y0y2L+yoy?y2 = y?L?—y}(yo+y2) L+yoy?y2

¥2(yo + y2) — 2y0y1y2

Assuming L #0, L= 5
Y1 — Yoy2

If yo=3, y1 =5, y2 =6, then
25(9) - 180 45
= — = — X 6429.
25 -18 7 6.429

Lyo

) yo + (L — yo)e™ .
largest interval containing ¢ = 0 on which the denomina-
tor does not vanish.
If yo > L then yo + (L — yo)e ™ =0 if

Yo
t=t*=—-1 .

k n yo—L

Then the solution is valid on (¢*, 00).
lim; 4 y(t) = 00.

The solution y = is valid on the

YO = e
L
2 = = —
00 =) 1+M
1,000 = y(1) = L
=Y E T M+

10,000 = lim y(t) = L
t—>00
Thus 200(1 + M) = L = 10,000, so M = 49. Also

1,000(1 + 49¢~%) = L = 10,000, so e~* = 9/49 and
k =1In(49/9) ~ 1.695.
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Section 3.5 The Inverse Trigonometric Func-
tions (page 197)

cos(sin™! 0.7) = v/1 — sin2( arcsin 0.7)

=4/1-0.49 = +0.51

sin~! (cos 40°) = 90° — cos™! (cos 40°) = 50°

sin(cos_l(—%)) = \/l — cos?( arccos (—3)
B 2V2

=,/1- =<
3 3

Ol

tan(tan~! 200) = 200

cos(sin™! x) = /1 —sin? (sin~!x) = v/1 — x2

tan(arctan x) = x => sec(arctanx) = v/ 1 4+ x2

1
= cos(arctanx) =

V142
x
= sin(arctanx) = ——
(wean®) = e
1 1 Vx2-1
cos(sec™lx) = — = sin(sec1x) = \/1 - =
X X |x]
= tan(sec"lx) = vx2 — Isgnx
_ N ifx>1
—/x2 -1 ifx<-1
— -1 ’ a
y=tan" " (ax +b), y _—_1+(ax+b)2'
f(x) =xsin"! x
flx)y =sin"! x + S
1—x
u=z>sec”! a+ z2)
d 22
—£=2zsec‘1 (1+z2)+ z22)
dz A+2VA+227 -1
_ 2z%sgn (2)
=2zsec ! (1472 + ——>———
A+22)Vz2+2
y=sin" (2) (I > la)

" ! 12
y-—l—_—W[_F]—_mm

X
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sin~!

sint

H() =

1
sint { ———) —sin~!¢ cos¢
’ _ (\/l—t2>
H(t) = =5
sin2 ¢
1 1

= ——————— — csctcotrsin”
(sint)v/1 —¢2

t

-1 a
= COS ——
Y («/a2 +x2)

a? S12e o,
=-(1-25m) e ren]

__asgn(x)
T a2 + x2

\2172 7 1 2a —2x
y=-all-|1-= —_ -
a a 2V 2ax — x2

x
- V2ax — x2
1
If y = sin™! x, then y/ = ————. If the slope is 2
’ YT ita P

then 5 = 2 so that x = :I:? . Thus the equations

of the two tangent lines are

™ V3 n V3
y——3—+2<x—7) andy-—§+2(x+7>.

Since the domain of sec™! consists of two disjoint inter-
vals (—o00, —1] and [1, 00), the fact that the derivative of
ec™! is positive wherever defined does not imply that
sec™! is increasing over its whole domain, only that it is
increasing on each of those intervals taken independently.
In fact, sec™! (—1) = 7 > 0 = sec™! (1) even though
-1<1

cot™! x = arctan (1/x);
d

—cot™'x = ——1 = !

dx - i I x2 7 14x2

2
X
Y /2
y = cot™ ! x
X

/2
Fig. 3.5.38

Remark: the domain of cot™! can be extended to include
0 by defining, say, cot™! 0 = 7/2. This will make cot™!
right-continuous (but not continuous) at x = 0. It is also
possible to define cot™! in such a way that it is contin-
uous on the whole real line, but we would then lose the
identity cot~! x = tan—!(1/x), which we prefer to main-
tain for calculation purposes.

40.

42.

44.

SECTION 3.5 (PAGE 197)

If g(x) = tan(tan~! x) then

sec? (tan™! x)

!
g =— e

_ 1+[tan(tan! x)* 142 -1

- 1+ x2 T 1+4x2
If h(x) = tan~! (tan x) then h is periodic with period ,
and 5

oo sectx
() 1 +tan? x

provided that x # (k + %)n where k is an integer. h(x) is
not defined at odd multiples of 7—2t-

y y
(m/2,7/2)
y=tan(tan~! x) /
x / -7 / T x
y=tan~! (tan x)

Fig. 3.5.40(a)

1
/1 —cos?x

—1 ifsinx >0
1 if sinx <0

Fig. 3.5.40(b)

i sin~! (cosx) = (—sinx)

dx

sin~!(cos x) is continuous everywhere and differen-
tiable everywhere except at x = nn for integers n.

o1
= sin”" (cosx
x /2 y (cosx)
Fig. 3.5.42
d tan_l(cotx) = ;(— csc? x) = —1 except at
dx " 14cot2x - P

integer multiples of 7.

tan~!(cot x) is continuous and differentiable every-
where except at x = nm for integers n. It is not defined
at those points.

ANEEAN
NERNERN

Fig. 3.5.44

= tan~!(cot x)

NS
NN\

n/2
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SECTION 3.5 (PAGE 197)

46. Ifx >1andy =tan"!+/x2—1, then tany = +/x2 — 1
and secy = x, so that y = sec™! x.
Ifx<-1 andy:n—tan“\/xz—l, then 5 <y < —3-%’—,
so secy < 0. Therefore

tany = tan(w —tan" ' vx2 — 1) = —v/x2 - 1
sec?y=1+@x*-1)=x2
secy =x,

because both x and sec y are negative. Thus y = sec™! x
in this case also.

VA1
48. Ifleandy:sin-l—-’f;——,then05y<%and

. x2 -1
siny =
X
2 B 1
cos“y=1-— )
seczyzxz.

Thus secy = x and y = sec™! x.

VaZ —1 3

Ifxs—-landy:rr—-sin‘1 ,then 7 <y <=L

and secy < 0. Therefore

. ( ._1«/x2—1) ViZ—1
sSiny = sin { 7w — SIn =

X X
21 1
2 X" =
cos“y=1-— = —
Y x?2 x?2
seczy=x2
secy = x,

because both x and sec y are negative. Thus y = sec™! x
in this case also.

50. Since f(x) = x —tan"! (tan x) then

sec? x

!
f(x)=1—m=l—l=0

if x # —(k + %)7[ where k is an integer. Thus, f is
constant on intervals not containing odd multiples of %
f(@©) =0but f(r) = 7 — 0 = m. There is no contra-
diction here because f’ (z) is not defined, so f is not
constant on the interval containing 0 and 7.

1
’_ _ -1
52. y—-H_—x2=>y—-tan x+C
y0)=C=1
Thus, y =tan~! x + 1.
52

54.
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=y=sin"!x+C

1
y= V1-x2
y(@) =sin"! (1) +C =1

4 b3
— =1 =1—-—.
=>6+C =C 6

Thus, y = sin"! x+1— %

Section 3.6 Hyperbolic Functions
(page 202)

2. coshxcoshy + sinhxsinhy
=zl + e +e7) + (€ e —e)]
= %(Ze""'y +2e7F ) = %(e’”'y + e~ )
= cosh(x + y).
sinh x cosh y 4 cosh x sinh y
=1 —e )N +e M)+ (¢ +eF) (e —e)]
= %(ex+y — e~ ) = ginh(x + y).
cosh(x — y) = cosh[x + (—y)]
= cosh x cosh(—y) + sinh x sinh(—y)
= coshx cosh y — sinhx sinh y.
sinh(x — y) = sinh[x + (—y)]
= sinh x cosh(—y) + cosh x sinh(—y)
= sinh x cosh y — coshx sinh y.

e*+e* 2
4. y=cothx= m y=sechx=m
y y
1
y =sechx
il —1 X X
Fig. 3.6.4(a) Fig. 3.6.4(b)
2
y =cschx = prgmpe—
y
y =cschx
X
Fig. 3.6.4
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d
Lety = sinh~! (i) & x =asinhy = 1 = a(cosh y)—y.
a dx
Thus,

d x 1
Z sinh~! (2) =
dx s (a) acoshy
_ 1 _ 1
a\/l + sinh? y Va? +x?

= sinh~! ;f+c. @ > 0)

[ dx
VaZ +x?
Let y = cosh™! 2 < x =aCoshy =acoshy

for y >0, x > a. We have 1 = a(sinh y)%. Thus,

1
asinh y
1 1

a\/cosh2 y -1 Vx?—a?

d —1 X
Ecosh o=

= cosh™! ;—C+C. (a@a>0, x>a)

[ dx

Vx2 — a2

Lety = tanh—l i & x =atanhy = 1 = a(sech2 y);l_i
a

Thus,
1

asech? y

— tanh™! I
a

dx
a a

a? —q2tanh? x = a? —x?

1
/ dx = ~ tanh™! z +C.
al—-x?2 a a

2

1

x satisfying |x| > 1. For such x, we have i 1 > 0.
Since this fraction takes very large values for x close to
1 and values close to O for x close to —1, the range of
coth™! x consists of a 1l real numbers except 0.
d d 1
—coth™! x = — tanh~! =
o x =~ tan "

_ 1 -1 -1

T1-(1/x)? x2 7 x2-1"

1
The domain of coth™!x = = In (x + i) consists of all

Fig. 3.6.8

10.

12.

SECTION 3.7 (PAGE 209)

csch ~! has domain and range consisting of all real num-
bers x except x = 0. We have

d d 1
Ecsch‘1 X = Ix sinh™! =

Fig. 3.6.10

Since

hr m(x) = Lcoshk(x —a) + M sinhk(x — a)
7 m@) = Lk* coshk(x — a) + MKk* sinh k(x — a)
= K*hp,m(x)

hence, ki p(x) is a solution of y” —k?y =0 and

hr,m(x)
L kx—ka —kx+ka M kx—ka —kx+ka
= 5 (e +e ) + —2— (e e )

M L M
— (%e—ka + ze—ka)ekx + (Eeka _ _?eka)e—kx

= Ae"* + Be™* = f4 p(x)

where A = e *4(L + M) and B = ek (L — M).

Section 3.7 Second-Order Linear DEs with
Constant Coefficients (page 209)

y'—2y'—3y=0
auxiliary eqn r?=2r—3=0 = r=-1,r=3
y = Ae™" + Be¥
4y" —4y' —3y =0
4?—4r-3=0=Q2r+1)@2r—-3)=0
Thus, 7] = —%, ry = %, and y = Ae~ 1/t 4 BeB/Dt,

yl/_2y/+y=0
P2=2r+1=0=>@F—-17%=0
Thus, r =1, 1, and y = Ae’ + Bte'.

53
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SECTION 3.7 (PAGE 209)

9y”+6y'+y=0
9l+6r+1=0=@r+1)2=0

Thus, r = —%, —1, and y = Ae~(/" 4 Bte= /31,
For y” — 4y’ + 5y = 0 the auxiliary equation is

r2 — 4r + 5 = 0, which has roots r = 2 & i. Thus, the
general solution of the DE is y = Ae? cost + Be? sint.

Given that y” + y'+y =0, hence r2 +r + 1 = 0. Since
a=1,b=1 and c = 1, the discriminant is

D = b —4ac = =3 < 0 and —(b/2a) = —} and

= +/3/2. Thus, the general solution is

3
y = Ae=(1/2! cos(%t) + Be~ (/2 sin(?t).

Given that y” + 10y’ + 25y = 0, hence
r24+10r+25=0= (r + 5> =0 = r = —5. Thus,

y = Ae > + Bte™>*
y' = —5¢">(A + Bt) + Be .

Since
0=y(l)= Ae™> + Be™

2=y'(1) = —5¢">(A + B) + Be™>,

we have A = —2¢° and B = 2¢°.
Thus, y = —2e%¢™ 4 2te’e™>! = 2(r — 1)e¢—D,

The auxiliary equation r2 — (2 + €)r + (1 + €) factors
to(r —1—¢€)(r —1) =0and sohasroots r =1+ €
andr =1. Thusthe DEy" — 2 +¢€)y '+ (1 +€)y =0

has general solution y = Ae(!*€* 4 Be’. The function
e+t _ ot

ye(t) = < is of this form with A = —B = 1/e.
We have, substituting € = h/t,
(14€)t _ it
lim ye(r) = lim & ¢
e—~>0 €0 €
e'+h —é
=t li
hl—% h

— d ty) __ t
(L) e

which is, along with e’, a solution of the CASE II DE
y//_zy/_i_y:o'

The auxiliary equation ar? + br + ¢ = 0 has roots

_—b—+/D -b+ D

& 2a 2a

where D = b? — 4ac. Note that

a(ry —r) = vD = —Q2ar; + b). If y = e"''u, then
y = e (' +riu), and y" = "' (u” +2r1u’+r12u). Sub-
stituting these expressions into the DE ay” +by’+cy = 0,
and simplifying, we obtain

e"(au” + 2ariu’ + bu') =0,

54
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or, more simply, u” — (r — r1)u’ = 0. Putting v = v’
reduces this equation to first order:

v = (r2 —r)v,

which has general solution v = Ce"2~"D!, Hence
u= [Ce(’z"l)‘ dt = Be?™! 4 4,

and y = e"'u = Ae"'' + Be™'.
If y = Acoswt + Bsinwt then

y" + 0’y = —Aw? cos wt — Bw? sin ot
+ wz(A coswt + Bsinwt) =0

for all . So y is a solution of (f).

If f(¢) is any solution of (f) then f"(r) = —w? f (1) for
all . Thus,

e (r0) + (o))

=202 f@Of'@t) +2f @) f" ()
=202 f () f'(t) — 20 F() f'(t) = O

2 2 )
for all £. Thus, w? ( f (t)) + ( f (t)) is constant. (This
can be interpreted as a conservation of energy statement.)

If g(t) satisfies (1) and also g(0) = g’(0) = 0, then by
Exercise 20,

w? (g(t))2 + (g'(t))2
= *(50)" + (@) =o0.

Since a sum of squares cannot vanish unless each term
vanishes, g(z) = 0 for all ¢.

If f(¢z) is any solution of (}), let

g@t) = f(t) — Acoswt — Bsinwt where A = f(0)
and Bw = f’(0). Then g is also solution of (f). Also
2g(0) = f(0) — A = 0and g'(0) = f'(0) — Bw = 0.
Thus, g(t) = O for all ¢ by Exercise 24, and therefore
f(x) = Acoswt + Bsinwt. Thus, it is proved that every
solution of () is of this form.

Because y” + 4y = 0, therefore y = Acos2t + Bsin2t.
Now
y0)=2=A=2,

5
Y(©) =-5=B=-3.
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Thus, y = 2cos2t — %sin 2t.

circular frequency = w =

w 1
— = —~0.318
2 m
. 2
period = — =7 ~ 3.14
1)

amplitude = /(2)? + (—3)2 =~ 3.20

y= Acos(a)(t - c)) + 3sin(w(t - c))
(easy to calculate y” 4+ w?y = 0)
y= A(cos(a)t) cos(wc) + sin(wt) sin(wc))

2, frequency =

+ 3(sin(wt) cos(wc) — cos(wt) sin(a)c))
= (eA cos(wc) — B sin(wc)) cos wt

+ (eA. sin(wc) + B cos(a)c)) sin wt

= Acoswt + Bsinwt
where A = oA cos(wc) — Bsin(wc) and
B = A sin(wc) + B cos(wc)

Y'+w’y =0
y@)=A
y'(@) =B

y= Acos(a)(t - a)) + gsin(a)(t - a))

2—_-.

Frequency = ﬁ, 15} L3 (k = spring const, m = mass)
2 m pring

Since the spring does not change, w?m = k (constant)

For m = 400 gm, w = 27 (24) (frequency = 24 Hz)

If m =900 gm thenw2=M
’ 900

_2nx24x2_

SO w 327,

32
Thus frequency = 2—” =16 Hz
k14
472(24)2400
For m = 100 gm, @ = ————~
or m gm, w 100

s0 w = 967 and frequency = -2% = 48 Hz.

Expanding the hyperbolic functions in terms of exponen-
tials,

y = e [A coshw(t — 1) B sinhw(t — 1)]

A A
_ kt w(t—1to) —w(t—ty)
= —e —_
4 [2 + 2e
B w(t—tp) B —w(t—ty)
+ ) e ) e

— Ale(k+“’)’ + Ble(k—w)t

36.

REVIEW EXERCISES 3 (PAGE 210)

where A; = (A/2)e™®" + (B/2)e™“" and

B; = (A/2)e® — (B/2)e®™. Under the conditions of
this problem we know that Rr = k &+ w are the two real
roots of the auxiliary equation ar?+br+c = 0, so e*+®*
are independent solutions of ay” + by’ + ¢y = 0, and our
function y must also be a solution. Since it involves two
arbitrary constants, it is a general solution.

Y'+4y' +3y=0
y3) =1
y(3) =0

The DE has auxiliary equation 7% 4+ 4r + 3 = 0 with roots
r=-24+1l=—-landr =-2-1=-3(ie. ktow,
where k = —2 and @ = 1). By the second previous
problem, a general solution can be expressed in the form
y = e 2[Acosh(t — 3) + Bsinh(t — 3)] for which

y' = —2e"?[Acosh(t — 3) + Bsinh(t — 3)]
+ e #[Asinh(t — 3) + B cosh(r — 3)].

The initial conditions give

1=y@)=e0A
0=y(3)=—e%—-24+B)

Thus A = €® and B = 2A = 2¢%. The IVP has solution

y = €% Z[cosh(t — 3) + 2sinh(t — 3)].

Since x'(0) = 0 and x(0) = 1 > 1/5, the motion will be
governed by x” = —x + (1/5) until such time ¢ > 0 when
x'(t) = 0 again.

Let u = x — (1/5). Then v’ = x" = —(x — 1/5) = —u,
u(0) = 4/5,and ¥’(0) = x’(0) = 0. This simple
harmonic motion initial-value problem has solution

u(t) = (4/5)cost. Thus x(t) = (4/5)cost + (1/4) and
x'(t) = u'(t) = —(4/5)sint. These formulas remain
valid until ¢+ = 7 when x’(¢) becomes 0 again. Note that
x(w) = —(4/5) + (1/5) = —(3/5).

Since x(7) < —(1/5), the motion for ¢t > 7 will be
governed by x” = —x — (1/5) until such time ¢t > 7
when x'(¢) = 0 again.

Let v = x + (1/5). Then v" = x" = —(x + 1/5) = —v,
vir) = —@B/5) + (1/5) = —(2/5), and

v'(w) = x'(w) = 0. Thius initial-value problem has
solution v(t) = —(2/5)cos(t — ) = (2/5) cost, so that
x(t) = (2/5)cost — (1/5) and x’(t) = —(2/5) sint. These
formulas remain valid for ¢t > 7 until ¢ = 27 when x’
becomes 0 again. We have x(27) = (2/5) — (1/5) = 1/5
and x'(27) = 0.

55
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The conditions for stopping the motion are met at
t = 2m; the mass remains at rest thereafter. Thus

dcost+1 if0o<r<m
%cost—% ifr <t <2m

% ift >2m

x(t) =

Review Exercises 3 (page 210)

fx) =sec?xtanx = f'(x) = 2sec? xtan® x + sec*x > 0
for x in (—m/2,/2), so f is increasing and therefore
one-to-one and invertible there. The domain of f~! is
(=00, 00), the range of f. Since f(r/4) = 2, therefore
f12) = n/4, and

I . |
FUF1Q@) ~ fia/d 8

o =

Observe f/(x) = e‘x2(1 — 2x?) is positive if x2 < 1/2
and is negative if x> > 1/2. Thus f is increasing on
(—l/x/i, l/ﬁ) and is decreasing on (—o0, —l/ﬁ) and
on (1/+/2, 00).

y = e *sinx, (0 < x < 2m) has a horizontal tangent
where

Q

@y
dx
This occurs if tanx = 1, so x = /4 or x = 57 /4. The
points are (7/4, e~"/4//2) and (57/4, —e=>"/*//2).

Let the length, radius, and volume of the clay cylinder at
time ¢ be £, r, and V, respectively. Then V = nr2¢, and

0= = e *(cos x — sinx).

dv d
2 onreZ +ﬂr2£.

dt dt dt

Since dV/dt = 0 and d£/dt = k£ for some constant
k > 0, we have

dr dr kr
2nrf— = —knrie, —=——.
wrl o Tr = o 5

That is, r is decreasing at a rate proportional to itself.
ah—1 ah_g0 4
= lim = —a

Jim ——— T =Ina.

x=0

a) lim
h—0

Putting h = 1/n, we get lim n (al/" - 1) =Ina.
n—oo

b) Using the technique described in the exercise, we
calculate

210 (2‘/2"’ - 1) ~ 0.69338183
211 (2‘/2“ - 1) ~ 0.69326449
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Thus In2 =~ 0.693.
If f(x) = (Inx)/x, then f'(x) = (1 — lnx)/xz. Thus
f/(x) >0iflnx < 1 (e, x < e)and f'(x) < O0if
Inx > 1 (i.e., x > e). Since f is increasing to the left

of e and decreasing to the right, it has a maximum value
f(e) =1/e at x = e. Thus, if x > 0 and x # e, then

Inx 1
—_— < -,
x e

Putting x = 7w we obtain (Inw)/m < 1/e. Thus
In(m®) =elnm <7 =nlne=1Ine",

and ¢ < e” follows because In is increasing.

1 In2
a) nx _r12_ is satisfied if x = 2 or x = 4 (because

x
In4 =21In2).

b) The line y = mx through the origin intersects the
curve y =Inx at (b,Inb) if m = (Inb)/b. The same
line intersects y = Inx at a different point (x, Inx)
if Inx)/x = m = (Inb)/b. This equation will have
only one solution x = b if the line y = mx intersects
the curve y = Inx only once, at x = b, that is, if the
line is tangent to the curve at x = b. In this case m
is the slope of y =Inx at x = b, so

1 Inb
—-_—=m=—.
b b
Thus Inb=1, and b = e.

Ify = cos~ ! x, then x =cosy and 0 < y <m. Thus

1 V1 —x2
t = v 2y—1= \/—- —-1= .
any sgnx,/seccy sgnx x2 X

Thus cos™!x = tan~1((+/1 — x2)/x).

Since cotx = 1/tanx, cot™! x = tan=1(1/x).
1

-1 -

1 s
— = — —co
x 2

x
L V1=(01/x)?
1/x

—sgnxtan~1v/x2 — 1.

csc™ ! x =sin™

— tan

ST ST

Let T(¢) be the temperature of the milk #+ minutes after it
is removed from the refrigerator. Let U(t) = T (t) — 20.
By Newton’s law,

U@ =kU@) = U@ =U©0)e".

Now T(0) =5= U(0) = —15 and
T(12) =12 = U(12) = —8. Thus

—8=U(12) = U(0)e'* = —15¢'%
e'%* =8/15, k= {1n(8/15).
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If T(s) = 18, then U(s) = —2, so —2 = —15¢°*. Thus
sk =1n(2/15), and

s In(2/15) _  _In(2/15)

= ~ 38.46.
k In(8/15) 6

It will take another 38.46 — 12 = 26.46 min for the milk
to warm up to 18°.
Let f(x) =¢* —1—x. Then f(0) =0 and by the MVT,

f® _ &)= fO)

X x—0

=fllc)=¢" -1

for some ¢ between 0 and x. If x > 0, then ¢ > 0, and
f'(c) >0. If x <0, then ¢ <0, and f'(c) < 0. In either
case f(x) = xf'(c) > 0, which is what we were asked to
show.

Challenging Problems 3 (page 211)

dv
— = —g —kv.
dt § v

a) Let u(r) = —g — kv(r). Then 2% — _x %

dt ar = Tl

and

u(t) = u(0e™ = —(g + kvg)e ™™
1 1
v(t) = —£(8 + M(t)) = —£(g —(g+ kvo)e_k’).

b) lim; 00 v(t) = —g/k

dy _ g  g+kvw _y
c) dt—-v(t)——k+ X e, y©O =yo
gt gtkvw _;
YO =~ = o= 4 C
g+ kv + kv
yo=-0~— 2 +C=>C=yo+gk2°

y@) =yo— =—+

o)

4.

CHALLENGING PROBLEMS 3 (PAGE 211)

d d
If p=e?y, then :1—’;— =e¥ (d_i) —by).

dp p
The DE 7 kp (1 - e""M) therefore transforms to
dy _ bt p
E = by +kpe (1 - e_th)
k 2
=G+hy-==-=ky(1-7).
b+k

where K = b+k and L = TM. This is a standard

Logistic equation with solution (as obtained in Section
3.4) given by

_ Lyo
yo + (L — yo)e~K*’

y

where yo = y(0) = p(0) = po. Converting this solution
back in terms of the function p(r), we obtain

Lpoe—bt

po + (L — po)e=+hi
(b +k)Mpo

B pokeb? + ((b + kM — kp())e"’“ '

p@) =

Since p represents a percentage, we must have
b+ kM/k < 100.

Ifk =10,b = 1, M = 90, and pp = 1, then

b+k
il M =99 < 100. The numerator of the final expres-

sion for p(t) given above is a constant. Therefore p(r)
will be largest when the derivative of the denominator,

F(&) = poke®" + ((b +M - kpo)e-’“ = 10e’ + 9801

is zero. Since f'(r) = 10e' — 9, 800e~1%, this will
happen at t = In(980)/11. The value of p at this ¢ is
approximately 48.1. Thus the maximum percentage of
potential clients who will adopt the technology is about
48.1%.
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SECTION 4.1 (PAGE 217)

CHAPTER 4. MORE APPLICATIONS OF
DIFFERENTIATION

Section 4.1 Related Rates (page 217)

As in Exercise 1, dA/dt = 2xdx/dt. If dA/dt = =2
ft’/s and x = 8 ft, then dx/dt = —2/(16). The side
length is decreasing at 1/8 ft/s.

Let A and r denote the area and radius of the circle.

Then
A=nrl=r= \/—E
T
dr 1 dA
= —=—)—.
dt 2/ An ) dt
dA dr 1
When — = —2,and A = 100, — = ————. Th
N an d 10/

1
107

cm/min when the

radius is decreasing at the rate
area is 100 cm?.

Let the length, width, and area be [, w, and A at time .

Thus A = lw.
dA dw dl
=l—4w

dr  dt dt
When I = 16, w = 12, 22 =3, %4 _ 0, we have
dt dt
dl dl 48
0=1 RS E__¥_ 4
6x3+120 =1 =1

The length is decreasing at 4 m/s.
The volume V of the ball is given by

where D = 2r is the diameter of the ball. We have

dV_n

av 24D
dt ~ 2 dt’

When D =6 cm, dD/dt = —.5 cm/h. At that time

v w

The volume is decreasing at about 28.3 cm3/h.

Let V, r and h denote the volume, radius and height of
the cylinder at time ¢. Thus, V = wr2h and

av dr dh
— =2nrh— Cutioy
dt r dt tar dt

58

R. A. ADAMS: CALCULUS

IfV=60,—=2r=35, =1, then
V60 12
T wr? T 25 5w
dt  mr? t dt
L2y
= 57 52 )T T5n

22
The height is decreasing at the rate 5m cm/min.

12. Let the length, width and area at time ¢ be x, y and A
respectively. Thus A = xy and

dA _ dy + dx
ar - Yar T Yar
dA dx

Ifd—=5, E—;:lO,x:ZO,y=16, then
dy dy 31
5 20dt + 16(10) = ar n

31
Thus, the width is decreasing at 7T m/s.

14. Since x2y3 =72, then

dx dy dy 2y dx
3ax 2,24Y _ a __yax
2xy dt +3x%y dt 0= dt 3x dt
d
Ifx=3y=2, % = 2, then d_i) = —g. Hence, the

vertical velocity is ~3 units/s.
16. From the figure, x2 + k% = 5. Thus

dx ds
—_— = —

i dt’

When angle PCA = 45°, x = k and s = +/2k. The radar
gun indicates that ds/dt = 100 km/h. Thus

dx/dt = 100v/2k/k ~ 141. The car is travelling at about
141 km/h.

Fig. 4.1.16
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Let the distances x and y be as shown at time ¢. Thus
dx
x?+y2=25 and2x—+2y%—0
dx 1 4 dy
If — - = = - —_— =
’r 3andy 3, then x 4and3+3dt 0 so
dy 4
dt = 9

4
The top of the ladder is slipping down at a rate of 5
m/s.

—
1/3 m/s

Fig. 4.1.18

Fig. 4.1.20

Refer to the figure. s, y, and x are, respectively, the
length of the woman’s shadow, the distances from the
woman to the lamppost, and the distances from the
woman to the point on the path nearest the lamppost.
From one of triangles in the figure we have

y2 = x2 +25.

If x =12, then y = 13. Moreover,

22.

24,

SECTION 4.1 (PAGE 217)

We are given that dx/dt = 2 ft/s, so dy/dt = 24/13 ft/s
when x = 12 ft. Now the similar triangles in the figure
show that

s _s+y

6 15~
so that s = 2y/3. Hence ds/dt = 48/39. The woman’s
shadow is changing at rate 48/39 ft/s when she is 12 ft

from the point on the path nearest the lamppost.

Let x, y be distances travelled by A and B from their

positions at 1:00 pm in ¢ hours.
d d
Thus == = 16 kmvh, =2 = 20 kmv/h.

Let s be the distance between A and B at time ¢.
Thus 52 = x2 + (25 + y)?

ds dx dy
25:1-; = ZxE +2(25 +y)E

At 1:30 (r = 1) we have x =8, y =10,
s = /87352 = /1289 so

d
«/1289[1—? =8 x 16+ 35 x 20 = 828

ds 828

— = ~ 23.06. At 1:30, the ships are

dt ~ /1289 P

separating at about 23.06 km/h.

A 16 km/h_ pos. of A at 1:00 p.m.

X

25 km

ppos. of B at 1:00 p.m.

120 km/h

4]
Fig. 4.1.22

Let y be the height of balloon ¢ seconds after release.
Then y = 5¢ m.

Let 6 be angle of elevation at B of balloon at time ¢.
Then tan6 = y/100. Thus

2 ldy 5 1
SeC U3 T 1004r 100 20

ae 1 de 1
=2 have 5— = =
When y = 200 we have =0 so 7 = 1o

The angle of elevation of balloon at B is increasing at a

1
rate of 100 rad/s.

59
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‘/'/9 i
B' 100 m X
Fig. 4.1.24
Let r, h, and V be the top radius, depth, and volume of
the water in the tank at time ¢. Then % = I—SQ and
1 25
V==2nr*th=="h W
3nr =16 e have
1 w25 dh dh 16
=3 s =
10 316" dr  dr _ 250mh?

When & = 4 m, we have @ = L
dt  250m

The water level is rising at a rate of 750 m/min when
g
depth is 4 m.
e Om._ TS ’
o 8m
" |
Fig. 4.1.26

Let r, h, and V be the top radius, depth, and volume of
the water in the tank at time ¢. Then

r_3_1
h— 9 3

1 2 m 3
= —mrih = —
\% 37‘”‘ 27h
dv
_=£h2ﬁ'
t 9 t

(W
<

R. A. ADAMS: CALCULUS

Since water is coming in at a rate of 10 m3/h, it must be
leaking out at a rate of 10 — 2.51 ~ 7.49 m’/h.

Fig. 4.1.28

30. Let P, x, and y be your position, height above centre,
and horizontal distance from centre at time ¢. Let 6 be
the angle shown. Then y = 10sin6, and x = 10cosé.

We have
do do
% = lOcosGE, Tl 1 rpm = 27 rad/min.

When x = 6, then cosf = i, SO % =10 x i x 127.

You are rising or falling at a rate of 127 m/min at the
time in question.

P
Fig. 4.1.30
1 06 04
32. P= gx y
dP 06 _o4 04dx 04 o6 _oedy
P T N i’

If dP/dt =0, x = 40, dx/dt = 1, and y = 10, 000, then

dy _ 6y0‘4 y0.6 dx
dr — x04 4x06 g

= _& d_x = —375.
4x dt

The daily expenses are decreasing at $375 per day.
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34. Let x and y be the distances travelled from the intersec-
tion point by the boat and car respectively in ¢ minutes.

Then
dx 1000 1000
— =20Xx — = — i
i X &0 3 m/min
dy 1000 4000
dr 60 3 n

The distance s between the boat and car satisfy

d d d
s2=x2+y2+202, s—S=x—x+y 4

dt dar ' dt’
1000 4000
After one minute, x = E y= = so s ~ 1374. m.
Thus
ds 1000 1000 4000 4000
1374.5— = ~ 1, 888, 889.
dt 3 3 3 3

Hence % ~ 1374.2 m/min ~ 82.45 km/h after 1 minute.

Fig. 4.1.34

36. Let V and h be the volume and depth of water in the
pool at time ¢. If h < 2, then

2 1
;—C =3 =10 soV = xh8=40h’.
If 2 <h <3, then V =160+ 160(h — 2).
dav dh
If h =2.5m, then —1 = — = 160—.
a) m, then T i
So surface of water is dropping at a rate of —

. 160
m/min.
dv dh dh
b) If A = 1m, then —1 = — = 80h— = 80—.
) . then .odt dt dt
So surface of water is dropping at a rate of

%m/rmn.

SECTION 4.1 (PAGE 217)

Fig. 4.1.36

38. Let x, y, and s be distances shown at time ¢. Then

s =x%+16, (15— =y +16
ds dx ds dy
= =x2 — (15— 5= =y=.
W TERTE ( S)dt Yt
d 1
Whenx=3andd—:=5,thens=5and
y =102 — 4% = /84,
Ao 9 _3(1\_3
% T5\2) 710
dy 10 3 3

= == x0327.
dt /84 10 /84

Crate B is moving toward Q at a rate of 0.327 m/s.

Fig. 4.1.38

40. Let y be height of ball ¢ seconds after it drops.

d’y dy
Thus W = —9.8, El;:o = 0, yl,=0 = 20, and
dy
2
= —4. — = —=H.8r.
y 4.9t + 20, T 9.8

61
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Let s be distance of shadow of ball from base of pole.
s—10 s

=50

By similar triangles,
200
20—y

20s — 200 = sy, s =

d
a) At = 1, we have d—f =-9.8, y=15.1,

ds 200
49— = —(-9.8).
dt 4.9 ( )

The shadow is moving at a rate of 81.63 m/s after
one second.

b) As the ball hits the ground, y = 0, s = 10,

20 dy 20
= - d = = -9, _—
39 M 4 98y 29" %

ds dy
20— =0+ 10—.
dt + dt
N 20
Now y = 0 implies that t = 79 Thus
ds 1 20
Y7l —5(9.8) 190" —9.90.

The shadow is moving at about 9.90 m/s when the
ball hits the ground.

20—y

20 m

10 s—10

Fig. 4.1.40

Section 4.2 Finding Roots of Equations
(page 226)

To solve 1 + }‘sinx = x, start with xo = 1 and iterate
Xn41 =1+ §sinxs. x5 and xe round to 1.23613.

To solve (x + 9)!/3 = x, start with xp = 2 and iterate
Xna1 = (xn + 913, x4 and x5 round to 2.24004.

To solve x3 4 10x — 10 = 0, start with xo = 1 and iterate

Xpy1 =1— %xi’. x7 and xg round to 0.92170.

62
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12.

14.

16.

R. A. ADAMS: CALCULUS

fx)=x%*=3, f'(x) =2x.
Newton’s formula x,4+1 = g(x,), where

x2=3 __x2+3

2x 2x
Starting with xo = 1.5, get x4 = x5 = 1.73205080757.

fx) =x34+2x2 -2, f'(x) = 3x% +4x.
Newton’s formula x,+) = g(x,), where

gx) =x—

B2 -2 2342242
3x2 + 4x 3x2 +4x

gx)=x—

Starting with xp = 1.5, get x5 = x¢ = 0.839286755214.
Fx) =x3+3x2 =1, f/(x) = 3x2 + 6x.
Newton’s formula x,4+1 = g(x,), where
X 4+3x2-1 23 +3x2+1
3x2 + 6x 3x2 +6x

gx)y=x—

Because f(—3) = -1, f(-2) = 3, f(-1) = 1,

f(@0) = —1, f(1) = 3, there are roots between —3 and
—2, between —1 and 0, and between 0 and 1.

Starting with xp = —2.5, get x5 = x¢ = —2.87938524157.
Starting with xp = —0.5, get

x4 = x5 = —0.652703644666.

Starting with xp = 0.5, get x4 = x5 = 0.532088886328.

fx) =x%*—cosx, f'(x) =2x +sinx.
Newton’s formula is x,4+1 = g(x,), where

x2 — COS x

g =x— 2x +sinx

The graphs of cosx and x2, suggest a root near

x = +0.8. Starting with xo = 0.8, get

x3 = x4 = 0.824132312303. The other root is the neg-
ative of this one, because cosx and x2 are both even
functions.

y =cosx

-15-1.0-05 | 05 1.0 1.
Fig. 4.2.14

A graphing calculator shows that the equation
A+xHJ/x—=1=0

has a root near x = 0.6. Use of a solve routine or New-
ton’s Method gives x = 0.56984029099806.
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Let f(x) = ls’"—; Since | f(x)] < 1/(1 +x2) = 0

as x — xoo and f(0) = 0, the maximum and minimum
values of f will occur at the two critical points of f that

are closest to the origin on the right and left, respectively.

For CP:

(1 +x%)cosx —2xsinx
0= f'(x) =
f ()C) (1 +X2)2

0= +x2)cosx — 2x sinx

with 0 < x < & for the maximum and —7 < x < O for
the minimum. Solving this equation using a solve routine
or Newton’s Method starting, say, with xop = 1.5, we get
x = £0.79801699184239. The corresponding max and
min values of f are +0.437414158279.

For x% = 0 we have x,11 = X — (x2/(2xn)) = Xn/2.
If xo=1, then x; = 1/2, xo = 1/4, x3 = 1/8.

a) x, = 1/2", by induction.
b) x, approximates the root x = 0 to within 0.0001

provided 2" > 10,000. We need n > 14 to ensure
this.

c) To ensure that x2 is within 0.0001 of O we need
(1/2")2 < 0.0001, that is, 22 > 10, 000. We need
n>17.

d) Convergence of Newton approximations to the root
x = 0 of x2 = 0 is slower than usual because the
derivative 2x of x2 is zero at the root.

Newton’s Method formula for f(x) = x13 s

X/
Xntl = Xn = ————5 = Xp — 3xp = —2xn.
(1/3)xn
If xo = 1, then x; = =2, x2 =4, x3 = —8, x4 = 16, and,

in general, x, = (—2)". The successive “approximations”
oscillate ever more widely, diverging from the root at
x =0.

2

n____
2xn
x;—1 x2+1 2
vt (B - (B2
n
It follows that

_ 2xn 2
Yn+l = x2 +l

_421

n

Since x,4+1 = we have

=4y, (1 — yn).

26.

10.

12.

SECTION 4.3 (PAGE 232)

Let g(x) = f(x) —x fora < x < b. g is continuous
(because f is), and since a < f(x) < b whenever

a < x < b (by condition (i)), we know that g(a) > 0
and g(b) < 0. By the Intermediate-Value Theorem there
exists r in [a, b] such that g(r) = O, that is, such that
f(r) = r. The fixed point r is unique because if there
were two such fixed points, say r; and r;, then condition
(ii) would imply that

[r1 —r2l =1f(r1) — f(r2)l < K|ri —r2f,

which is impossible if r; # rp and K < 1.

Section 4.3 Indeterminate Forms

(page 232)
i In(2x — 3) [9]
xil-g x2 —4 0

1

2x - 2°

lim 1 —cosax [
x=0 1 —cosbx

0

1
asinax 0
xl_,o bsinbx [5]

a’cosax  a?

30 P2cosbx B2

-1
J!l—>ml x2/3 —1 [ ]
x—1 (Z)x—1/3 2

(=] N

lim 1 —cosx 0

x—0 In(1 +x2) 0
sin x

= lim

x—0 2x
1+ x2 .
sinx
= lim (1 + x?) lim —
xl—IR)( tx )xil-;(}) 2x
COS x 1

. In(ex) —1 [0]
lim —— -

x—>1 sinmx
1

x 1

m = .
x—1 7 cos(mx) kg

63
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limZ—x2—200sx 0
x—0 x4 0
. —2x+2sinx 0
= m —— -
x—=0 4x3 0
1., x—sinx
= —— lim 3
x—0 X

. Insinr [0]
lim —
r—m/2 COSr 0
(cos r )
- sinr /. _

r—m/2 —sinr

= lim = —00.
x-il— 1
lim (sect —tant 00 — 0
t_)(}r/z)_( C ) [ 1
. 1 —sint [0]
= lim -
t—>(7/2)— COSt 0
—cost
= lim — =0.
t—>(m/2)— —Ssint
Since lim vxlnx = lim -
x—>0+ T x>0+ x—1/2
(1)
= liI(I)'l +=0,
x—>0+ 1 -3
( 2)x
hence lim x*/’—‘
x—0+
= lim eV*Mr = 0= 1.
x—>0+

www.konkur.in

26.

. x
lim (
=1+ \x —1

1

Inx

Inx

= lim
x—=>1+

28. Lety= (T

lim Iny = lim
x— x—0

() (

1
Inx+1-——
x

sinx)l/x2

o(22)

x2

x2

R. A. ADAMS: CALCULUS

) [00 — o0]

xInx —x+1 I:O}

= o G-—D@x |0

]

5]

X COS X — sinx)

xcosx —sinx
2x2sinx

2x

—xsinx

—sinx

im ——m
x—0 4sinx + 2x cos x

—COS X

= lim

x—0 6Ccosx — 2x sinx

sin x

Thus, lim (—
x—0

X

30.

. csex
lim [
x—=0+ Inx

= lim
x—0+ 1

X

o0

o0

—CSsCx cotx [

—X COS X

= lim

x—0+ sin? x

= —( lim cosx
x—>0+

= —O0Q.

32,
limIny = lim
x—0 x—0

sec? x

m — =
x—=01+tanx

)

]

5

lim

Let y = (1 +tanx)!/*,
In(1 + tan x)

X

0

0
= lim -

x—0 4x sinx + 2x2 cos x

)

1

G

)1/x2 gy

=)

1

x—0+ 2sinx cos x

]

Thus, lir%(l +tanx) /¥ = e.
x>
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lim fx+3h)=3f(x+h)+3f(x—h)— f(x—3h)

h—0 h3
— lim 3f/(x+3h) =3f (x+h)=3f (x —h)+3f'(x —3h)
h—0 3h2
i 3f"(x+3h) = f"(x +h) + f"(x —h) = 3f"(x —3h)
=hl—% 2h
- lim 9f"(x +3h) — f"(x+h)— f"(x —h) +9f"(x — 3h)
h—0 2
=8f”'(x).

Section 4.4 Extreme Values (page 238)
f(x)=x+2on (—00,0]
abs max 2 at x = 0, no min.

20.
fx)=x2-1

no max, abs min —1 at x = 0.

fx)=x%2—1on (2,3)
no max or min values.

fx)=x>+x—4on (a,b)

Since f'(x) = 3x2 +1 > 0 for all x, therefore f is
increasing. Since (a, b) is open, f has no max or min
values.

1 —
f(x) = ——. Since f'(x) = ——— < 0 for all x in
x—1 (x—=1)2
the domain of f, therefore f has no max or min values.

fx)= on [2, 3]
x—1

abs min § at x =3, abs max 1 at x = 2.

Let f(x) = |x2 —x —2| = |(x — 2)(x + 1)| on [—3, 3]:
f(=3)=10, f3) =4.

f/(x) = @2x — I)sgn (x2 — x — 2).

CPx =1/2;SPx = —1,and x = 2. f(1/2) = 9/4,
f(=1)=0, f(2)=0.

Max value of f is 10 at x = —3; min value is O at
x=—lorx=2.

f@)=(x+2)%?
no max, abs min 0 at x = —2.

22.

f)=x*42x, f/(x) =2x+2=2(x+1)
Critical point: x = —1.
f(x) > o0 as x — *o0.

CP
A T
} x
FoN B

Hence, f(x) has no max value, and the abs min is —1 at
x =—1.

SECTION 4.4 (PAGE 238)

y =x%+2x

(=1,-1)
Fig. 4.4.18
f)=GE2—42, fl(x) =4x(x? —4) = dx(x +2)(x —2)

Critical points: x =0, +2.
f(x) —» oo as x — =+o0.

Cp CP CP
- =2 + 0 - 42  +

f f f X

b. loc abs
N 121111; /7 max N min

Hence, f(x) has abs min 0 at x = £2 and loc max 16 at
x=0.

y

= ) s
Fig. 4.4.20

f) =x*(x - 12

Flo) =2x(x — D2 +2x2(x — 1) =2x2x — D(x — 1)
Critical points: x =0, % and 1.

f(x) > oo as x — Fo0.

CP CP CP
N 0 + % — 1 +
} I f x
b 1 b
F N mn /7 max N min

Hence, f(x) has loc max f at x = 1 and abs min O at
x=0and x = 1.
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y
y =x3(x — 1)?
(3 16)
1 x
Fig. 4.4.22
S F gy Lmx
f(x)—x2+19f(x)— (x2+l)2
Critical point: x = %1.
f(x) > 0 as x —> +oo.
CP CP
f — -1 + +1 -
i : x

FoNe s a0 @s

Hence, f has abs max % at x = 1 and abs min —% at

x =-—1.
y
I/&w\
_ X x
(-1,-0.5) S
Fig. 4.4.24
_ x Vs 1—x*
f(x)'_ x4+1’f(x)—(x4+1)3/2

Critical points: x = £1.
f(x) > 0 as x — *o0.

Cp CP
f — -1 + +1 -
i } x
abs abs
f N min / max N

Hence, f has al L = in —-L
f bs max 7 at x = 1 and abs min 7 at

x =—1.

y 1%)
J— X x
O | RGEE
Fig. 4.4.26

66
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fx)=x+sinx, f'(x) =1+cosx >0
fl(x) =0 at x = £, +3m,...
f(x) > too as x —> +oo.
Hence, f has no max or min values.
y

Q2m,2m)

(,7)

y =x+sinx

Fig. 4.4.28
2 x?—1
— —1 =1 —
fx)=x—2tan"" x, fl(x) =1 T2 - 211
Critical points: x = +1.
f(x) > oo as x —» +oo.
CP CP
f + -1 - +1 +
1 } x

I
1
fo7 mx N ma
Hence, f has loc max —1 + % at x = —1 and loc min

1—%Mx=L

(-1-1+3)

("-5)

y =x —2tan" | x

Fig. 4.4.30

F)=e 2, fl(x) = —xe/2
Critical point: x = 0.
f(x) > 0as x - +oo0.
CP
o+ 0 -

o BN
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Hence, f has abs max 1 at x =0 and no min value.

Fig. 4.4.32

@) =x2e™, f'(x) = 2xe~* (1 — x2)
Critical points: x = 0, 1.
f(x) = 0 as x — =+oo.

CpP CP CP
ff+ -1 - 0 + 1 -
NI R
abs abs abs
f 7 max N min 7 max N
Hence, f has abs max 1/e at x = +1 and abs min O at
x =0.
y
(—-1,1/e) (1,1/e)

Fig. 4.4.34

Since f(x) = |x + 1|,
ron _JL x>0
fay=sga+1)= {—1, if x < —1.
—1 is a singular point; f has no max but has abs min 0
at x = —1.
f(x) > oo as x — *too.

Fig. 4.4.36

f(x) = sin|x|

3 5
f/(x) =sgn(x)cos|x|=0at x ==+ il il

L -
0 is a singular point. Since f(x) is an even function, its
graph is symmetric about the origin.

Cp CP SP CP CP
37 T T 3
flr— -4+ - -0 + = - = +
2 2 : 2 3
abs abs loc abs abs
fN min 7 max N min ~ max N min /"

7,

40.

42.

SECTION 4.4 (PAGE 238)

Hence, f has abs max 1 at x = +(4k + 1)% and abs min

“latx = i:(4k+3)% where k = 0, 1, 2, ... and loc

min 0 at x = 0.
y

\./m\./"

y = sin |x]|

Fig. 4.4.38

f@) =@ -1 - @+ 1?3

f@=36-D7 -2+ 171

Singular point at x = 1. For critical points:

G- =@x+D) VP 3x-1=x+1=2=0,50
there are no critical points.

SP SP
VA S - 41+
i I x
S Ex N dh S
Hence, f has abs max 22/3 at x = —1 and abs min

—228 gt x =1.

(-1,223)
,/\' y = (x _ 1)2/3 _ (x + 1)2/3
lv_ix
(1,-2%3)

Fig. 4.4.40

f@&x) = x//x*+1. f is continuous on R, and
limy—, 400 f(x) = 0. Since f(1) > 0 and f(—1) < O,
f must have both maximum and minimum values.

4x3
vx4+l—x————-—
Wiry1  1-x*

f&= E1 RGN

CP x = #+1. f(+1) = £1/4/2. f has max value 1/+/2
and min value —1/+/2.

y 1%)
— x x
()
Fig. 4.4.42
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flx) = x2/v4 — x2 is continuous on (—2, 2), and 10

limy_, 24 f(x) = limy2— f(x) = oo. Thus f can
have no maximum value, but will have a minimum value.

-2
2E— A2 -t 3
Fx) = 2/4—x2 _ 8x-—x
4 —x2 T (4 —x2)3/2°

CPx =0, x = £4/8. f(0) = 0, and £+/8 is not in the
domain of f. f has minimum value O at x = 0.

f(x) = (sinx)/x is continuous and differentiable on R
except at x = 0 where it is undefined.

Since limy_,¢ f(x) = 1 (Theorem 8 of Section 2.5), and 12.

|f(x)] <1 for all x # 0 (because |sinx| < |x|), f cannot
have a maximum value.

Since limy_, 4+ f(x) = 0 and since f(x) < O at some
points, f must have a minimum value occurring at a crit-
ical point. In fact, since | f(x)] < 1/]x| for x # 0 and f
is even, the minimum value will occur at the two critical
points closest to x = 0. (See Figure 2.20 In Section 2.5

of the text.) 14.

No. f(x) = —x? has abs max value 0, but
g(x) = | f(x)| = x? has no abs max value.

Section 4.5 Concavity and Inflections

(page 243)

2 16.
f@)=2x—x% flx) =2—-2x, f'"(x) =-2<0.
Thus, f is concave down on (—oc0, 00).
fx)=x=x3, f'(x) =1-3x2,
f'(x) = —6x.

f” + O —

} X
f - infl ~
18.

fx) =10x3 +3x, f'(x) = 30x? + 15x*,
f"(x) = 60x + 60x3 = 60x(1 + x2).

f// — O +
|
I

f o~ il -

20.

FE) =Q+2x—x»?%  fl(x) =22+ 2x — x5 - 2x),
Fx) =22 =2x)? +2Q2 + 2x — x5)(=2)
=12x(x — 2).

fl/ +

f ~ imfl ~ il —
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2
o F = 3TX
f(x)—x2+32’ f(x)"‘ (x2+3)2’
2x(x= —9)
" _
R
f" - -3 + 0 - 3 4+
} i f x
f ~ imfl — infl ~ infl —

f(x) =cos3x, f'(x) = —3sin3x, f”(x) = —9cos3x.
T
Inflection points: x = (n + 1) 3 forn=0, £1, £2,...

. 4n+1 4n+3
f is concave up on —6—11, 3 7 ) and concave
4n+3 4n+5
down on Tn, 3 ).

fx) =x—2sinx, f'(x) =1—2cosx, f"(x) =2sinx.
Inflection points: x = nmw for n =0, £1, £2,....
f is concave down on ((2n+1)n, (2n+2)7r) and concave

up on ((2n)n, 2n + l)n).

fx) =xe*, f'(x) =e*(1 +x),
f"(x) = e* (2 + x).

In(x? 2 — In(x?
Fo = 20D gy = 220D
X 2 X
£y = —6+21n(x ).

3
x
f has inflection point at x = #¢>/% and f is undefined at
x =0. f is concave up on (—e>/2,0) and (¢3/2, 00); and
concave down on (—co, —e3/2) and (0, €/2).

Ff(x) = nx)?, f'x) = )z—clnx,

) = 2(1_—21“") for all x > 0.
pe
f/l 0 + e —
f f x
f — inl ~
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fO) =@ -D+ 0+ D3,

@) =316 = DB+ (x + )72,

fr@) = =5l = DB 4 x + D7,
fX)=0x—1=-(x+1)x=0.

Thus, f has inflection point at x = 0. f”(x) is undefined
at x = £1. f is defined at £1 and x = =*1 are also in-
flection points. f is concave up on (—oo, —1) and (0, 1);
and down on (—1, 0) and (1, 00).

f@x) =3x3—36x —3, f'(x) =9(x% — 4), f"(x) = 18x.
The critical points are

x=2, f"(2)>0= local min;

x==2, f"(=2) <0= local max.

4 4
fx)=x+ ol ffy=1- pox f(x) = 8x3,
The critical points are
x=2, f"(2)>0= local min;
x==2, f"(-=2) <0= local max.

X 1—xIn2
fx) = e flx) = o
In2(xIn2 -2
i = 22D
The critical point is

1 a1
x—ln2’ f (m)<O: local max.

fx)=xe*, fl(x) =e*(1 +x), f'(x) =2+ x).
The critical point is x = —1.
f’(=1) > 0,= local min.

fx) = @?=4)2, f'(x) = 4x3—16x, f"(x) = 12x2 - 16.

The critical points are

x=0, f"(0)<0= local max;
x=2, f"(2) >0= local min;
x=-2, f"’(-2)> 0= local min.

f&x) = (% =3)e,
/@) = (x® +2x —3)e* = (x + 3)(x — 1)e*,

(%) = (6% + 4x — 1)e*.
The critical points are

x=-3, f"(-=3) <0= local max;
x=1, f"(1)> 0= local min.
Since
2 .
_Jx ifx>0
Fo) = {—xz if x <O,
we have
2 if x>0
F®={2 itxz o =2l
2 if
f10 = [—2 it x - 8 = 2sgnx

38.

40.

42.

SECTION 4.5 (PAGE 243)

f'(x) = 0if x = 0. Thus, x = 0 is a critical point of
f. It is also an inflection point since the conditions of
Definition 3 are satisfied. f”(0) does not exist. If a the
graph of a function has a tangent line, vertical or not, at
X0, and has opposite concavity on opposite sides of xp,
the xo is an inflection point of f, whether or not f”(xg)
even exists.

Suppose that f has an inflection point at xg. To be
specific, suppose that f”(x) < O on (a, x9) and
f"(x) > 0 on (xp, b) for some numbers a and b satis-
fying a < xo < b.

If the graph of f has a non-vertical tangent line at xp,
then f’(xp) exists. Let

F(x) = f(x) — f(x0) — f'(x0)(x — x0).

F(x) represents the signed vertical distance between the
graph of f and its tangent line at xp. To show that the
graph of f crosses its tangent line at xp, it is sufficient to
show that F(x) has opposite signs on opposite sides of
x0-

Observe that F(xg) = 0, and F'(x) = f'(x) — f'(x0),
so that F’'(xp) = O also. Since F”(x) = f”(x), the as-
sumptions above show that F’ has a local minimum value
at xo (by the First Derivative Test). Hence F(x) > O if
a <x <xporxp <x < b. It follows (by Theorem
6) that F(x) < 0ifa < x < x9,and F(x) > O if

xo < x < b. This completes the proof for the case of a
nonvertical tangent.

If f has a vertical tangent at xo, then its graph necessar-
ily crosses the tangent (the line x = xg) at xp, since the
graph of a function must cross any vertical line through a
point of its domain that is not an endpoint.

Let there be a function f such that
f'&xo) = f'xo) = ... = f*D(xg) =0,
Ff®xo) £0  for some k > 2.

If k is even, then f has a local min value at x = xg
when f®(xg) > 0, and f has a local max value at
x = xp when f® (xg) < 0.

If k is odd, then f has an inflection point at x = xp.

We are given that

1
f(x)={x2sin;, if x #0;
0, if x =0.
If x # O, then
, ! 1
f(x)=2xsm)—c—cos)—c
1 1
f”(x)=2sin—l——gcosl——2-sin—.
x X x x x
If x =0, then
h2sin}lz—0
’ = lim —"  —o.
o) = lim—7y 0

69
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Thus 0 is a critical point of f. There are points x ar-
bitrarily close to O where f(x) > O, for example

x = m, and other such points where f(x) < O,

for example x = . Therefore f does not have

(4n + 3)7
a local max or min at x = 0. Also, there are points

arbitrarily close to 0 where f”(x) > 0, for example

x = m, and other such points where f”(x) < O,

. 1
for instance x = S Therefore f does not have con-
nmw
stant concavity on any interval (0, a) where a > 0, so 0

is not an inflection point of f either.
Section 4.6 Sketching the Graph of a Func-
tion (page 251)

(@ y

—-5-4-3-2-1 N\ 1 4 x
-2
-3
—4
-5
(©) Y (d) %1
3 3
24 2
\ 1t / 1

_?_‘4_'3_'2—\%/2' 3 4x 54yl 12 3 4x

-3 -31

—4 -4 1

-5 -5
Fig. 4.6.2

The function graphed in Fig. 4.2(a):

is odd, is asymptotic to y = 0 at too,

is increasing on (—oo, —1) and (1, 00),

is decreasing on (—1, 1),

has CPs at x = —1 (max) and 1 (min),

is concave up on (—oo, —2) and (0, 2) (approximately),
is concave down on (—2, 0) and (2, co) (approximately),
has inflections at x = +2 (approximately).

The function graphed in Fig. 4.2(b):

is even, is asymptotic to y = 0 at o0,

is increasing on (—1.7,0) and (1.7, 00) (approximately),
is decreasing on (—oo, —1.7) and (0, 1.7) (approxi-
mately),

has CPs at x = 0 (max) and £1.7 (min) (approximately),
is concave up on (—2.5,—1) and (1, 2.5) (approxi-
mately),

is concave down on (—o00, —2.5), (—1, 1), and (2.5, 00)
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(approximately),
has inflections at +2.5 and +1 (approximately).

The function graphed in Fig. 4.2(c):

is even, is asymptotic to y = 2 at %oo,

is increasing on (0, 0o),

is decreasing on (—o0, 0),

has a CP at x = O (min),

is concave up on (—1, 1) (approximately),

is concave down on (—oo, —1) and (1, co) (approxi-
mately),

has inflections at x = +1 (approximately).

The function graphed in Fig. 4.2(d):

is odd, is asymptotic to y = 0 at *oo,
is increasing on (—1, 1),

is decreasing on (—oo, —1) and (1, 00),

has CPs at x = —1 (min) and 1 (max),
is concave down on (—o0, —1.7) and (0, 1.7) (approxi-
mately),

is concave up on (—1.7,0) and (1.7, o) (approximately),
has inflections at 0 and 1.7 (approximately).

(a) y (b y
3 34
2.

11 1
-5—'4—3—'2—'l 123 4x —'5-'4-3—'2—'1_ P ¥
2 2
3 3

4 24
(©) y @ y

3t 3

2 21

1 A f_
Sa3oyl i~ —1—4)!—'2_11_ 33 4y

2_ —_ L

34 -31

—41 —4

Fig. 4.6.4

The function graphed in Fig. 4.4(a):

is odd, is asymptotic to x = +1 and y = x,

is increasing on (—oo, —1.5), (-1, 1), and (1.5, o0) (ap-
proximately),

is decreasing on (—1.5, —1) and (1, 1.5) (approximately),
has CPs at x = —1.5, x =0, and x = 1.5,

is concave up on (0, 1) and (1, c0),

is concave down on (—o0, —1) and (-1, 0),

has an inflection at x = 0.
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The function graphed in Fig. 4.4(b):

is odd, is asymptotic to x = +1 and y =0,

is increasing on (—oo, —1), (—1, 1), and (1, 00),
has a CP at x =0,

is concave up on (—oo, —1) and (0, 1),

is concave down on (-1, 0) and (1, 00),

has an inflection at x = 0.

The function graphed in Fig. 4.4(c):

is odd, is asymptotic to x = 1 and y =0,

is increasing on (—oo, —1), (—1, 1), and (1, 00),
has no CP,

is concave up on (—oo, —1) and (0, 1),

is concave down on (—1, 0) and (1, 0c0),

has an inflection at x = 0.

The function graphed in Fig. 4.4(d):

is odd, is asymptotic to y = %2,

is increasing on (—oo0, —0.7) and (0.7, co) (approxi-
mately),

is decreasing on (—0.7,0.7) (approximately),

has CPs at x = 0.7 (approximately),

is concave up on (—oo, —1) and (0, 1) (approximately),
is concave down on (—1,0) and (1, co) (approximately),
has an inflection at x = 0 and x = +1 (approximately).

According to the given properties:
Oblique asymptote: y = x — 1.
Critical points: x =0, 2. Singular point: x = —1.

Local max 2 at x = 0; local min O at
x =2.
SP CP CP
o+ -1 + 0 — 2 +
! I I x
Fo g N e
Inflection points: x = —1, 1, 3.
o+ -1 - 1 + 3 -
1 1 : X

T T
f ~ imfl ~ il — infl ~

Since x_l:riloo(f(x)+ 1 —x) =0, the line y =x —11is an

oblique asymptote.

SECTION 4.5 (PAGE 243)

Fig. 4.6.6

y=x(x2=1)2, y = x2 = 1)(5x2 = 1), y" = 4x(5x>-3).
From y: Intercepts: (0,0), (1,0). Symmetry: odd (i.e.,
about the origin).

1
From y’: Critical point: x = +1, +—.
V5
CP CP CP CP
1 1
Yy + -1 — — + — - 1 +
1 ﬁ %g | X
l 1I l(;c l(l)c
loc oc
Y/ max N min /7 max N mn /"
From y”: Inflection points at
x=0, i@.
Yy o— =/ o+ 0 - /3 +
1 I f X
y o~ infi — inl ~ infl —
y
. _1_ e -
vINER
y =x(x?-1)?
Fig. 4.6.8
71
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-1 2 -
10, yzx =1 ,y/= 2 ,y//=—4.
x+1 x+1 (x +1)? (x +1)3
From y: Intercepts: (0, —1), (1,0). Asymptotes: y =1
(horizontal), x = —1 (vertical). No obvious symmetry.

Other points: (-2, 3).
From y”: No critical point.

ASY
y' + -1 +
} x
y / /
From y”: No inflection point.
ASY
yll + __1 —
} X
y ~—~ ~
Loy
~2,3)
................................ | SN SN ol SR
/'l x
—i 7
Fig. 4.6.10
1 —2x 6x%2 -8
12. y= ,y = LY =
YR T a2 Tarap

From y: Intercept: (0, %). Asymptotes: y = 0 (horizon-
tal). Symmetry: even (about y-axis).
From y’: Critical point: x = 0.

Cp
yoooo+ 0 -
i x
y 7 mx N
From y": y”=0atx=:|:—2——.
7
s 2 2,
i 7
T T e
y o~ infl ~ infl —
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y
1/4 1
=) z :
V3 V3
Fig. 4.6.12
W v F o 241, 2x@*+3)
Y Y T e T o

From y: Intercept: (0, 0). Asymptotes: y = O (horizon-
tal), x = =*1 (vertical). Symmetry: odd. Other points:
(2’ %)’ (_2’ _%)

From y’: No critical or singular points.

ASY ASY
y - -1 - I
i I x
Yy N\ N N
From y”: y" =0 atx =0.
ASY ASY
y - -1 + 0 - 1+
f i f x
y ~ <~ infl ~ -
y

éx:l
Fig. 4.6.14
16, ve X, -3, 2(*43)
R Ly ey s L VE

From y: Intercept: (0,0). Asymptotes: x = =+1 (ver-
tical), y = x (oblique). Symmetry: odd. Other points:
3
(iﬁ,:t—zé).
From y’: Critical point: x =0, £+/3.
CP ASY CP ASY CP
Yy + =3 - -1 — 0 — 1 - 3 +
| | l !
I T I

T X

T
y Aodee NN N
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From y”: y” =0 at x = 0.

ASY
Y - -1+ 0 -

~V3i
: §x=1
Y=gl
Fig. 4.6.16
2 2
X 2x 2(1 — 3x%)
18. ==,y = , Y = .
YEerr? Ternr? T ey

From y: Intercept: (0,0). Asymptotes: y = 1 (horizon-
tal). Symmetry: even.
From y’: Critical point: x = 0.

CP
y' - 0 +
} x
y N @
From y”: y”" =0 at x = :I:—l—.
V3
1 1
y// — — + - -
i 7
T T X
y o~ infl — infl ~
y
y=l1
YT T
=D G "
V3| V3
Fig. 4.6.18

20.

22.

SECTION 4.5 (PAGE 243)

_x2-2 2 s =26x2+ 1)
YEeorY T oo @Z—1)
From y: Intercept: (0, 2), (£+/2,0). Asymptotes: y =1
(horizontal), x = £1 (vertical). Symmetry: even.
From y’: Critical point: x = 0.

ASY CP ASY
- -1 - 0 + 1 +
I } I x
N N /
From y”: y” = 0 nowhere.
ASY ASY
y - -1 + 1 -
f } x
y ~ ~ ~

x2 -2
x2 -1
Fig. 4.6.20
2
xc =1 1 2 6
= =1——, /=—, ”=——,
Y x2 AR L x4

From y: Intercepts: (%1, 0). Asymptotes: y = 1 (hori-
zontal), x = 0 (vertical). Symmetry: even.
From y’: No critical points.

From y”: y” is negative for all x.
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Yy
_ x2—1
y="0
Fig. 4.6.22

Q=% , @=2x-6)

- x3 b - T’
- 207 — 12x +24)  2(x — 6+ 2V3)(x — 6 —2v3)
- x5 - x5 "

From y: Intercept: (2,0). Asymptotes: y = O (hori-
zontal), x = 0 (vertical). Symmetry: none obvious. Other
points: (-2, —2), (—10, —0.144).

From y’: Critical points: x =2, 6.

ASY CP CP
y — 0 - 2 4+ 6 -

t I I x
YN N AN

From y”: y” =0 at x = 6+ 2+/3.

y' — 0 4+ 6+42/3 — 6-2J3 +

I I i x
y ~ ~ infl ~ infl ~
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_e-x?
y= 3
(6,2/27)

(—10,—-0.144)

Fig. 4.6.24
_ X _ X
Y e rx—2 C+na-1)
y = ~(x2+42) . 23+ 6x+2)

TG 22 -2 T a4 2Pa - D

From y: Intercepts: (0,0). Asymptotes: y = O (horizon-
tal), x = 1, x = —2 (vertical). Other points: (=3, —3),
@ 3.

From y’: No critical point.

ASY

|
T

Yy N\ N N\

From y”: y" = 0if f(x) = x> 4 6x + 2 = 0. Since
f'(x) = 3x2 +6 > 6, f is increasing and can only
have one root. Since f(0) = 2 and f(—1) = -5,
that root must be between —1 and 0. Let the root be r.
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i’ 30. y= e, y = —2xe~*, y" = (4x? - 2e*.
From y: Intercept: (0, 1). Asymptotes: y = O (horizon-
tal). Symmetry: even.
From y’: Critical point: x = 0.
-
' CP
yoooo+ 0 -
} X
y o7 a0
: r : *
3= I " " 1
: : From y”: y" =0atx =+—.
| ¥ 72
§x=1
y’/ + _L — L +
Fig. 4.6.26
A

28. y==x+sinx, y =1+cosx, y’ = —sinx. y — infl ~ il ~—
From y: Intercept: (0, 0). Other points: (krw, k), where
k is an integer. Symmetry: odd.

From y’: Critical point: x = (2k + 1)7, where k is an i’
integer.
CP CP CP
T+ - + T - 3 +
f f : x x
f 7 /! /! 7
From y”: y” = 0 atx = km, where k is an integer.
y' '+ -2 — -7 + 0 — w + 21 — 32. y=e*sinx x=0),
f f f | } x y' = e *(cosx —sinx), y” = —2¢* cosx.
y — infl ~ infl — infl ~ infl — infl ~ From y: Intercept: (km,0), where k is an integer.
Asymptotes: y =0 as x — oo.
Y From y’: Critical points: x = % + k7, where k is an
integer.
2
CP CP CP
"o T  5m 4 9
™ y=x+sinx yo + 4 4 4 B
1 T 1 T
abs abs loc
y /7 max N min 7/ max N
T 27 x
From y”: y” = Qatx = (k + %)n, where k is an
integer.
/4 3 S5
70 - = 4+ = - = +
Y 2 2 2 .
T T T I
Fig. 4.6.28 y ~ inffl —« il ~ infl -
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y

(3.« V2)

NI [

Fig. 4.6.32

y = x%e*, y' = 2x + x2)e* = x(2 + x)e*,

Yy = (x% +4x +2)e* = (x +2 — V2)(x + 2 + V2)e".
From y: Intercept: (0, 0).

Asymptotes: y =0 as x — —o0.

From y’: Critical point: x =0, x = —2.

CP CP
y oo+ -2 - 0 +
i I x
loc abs
y /7 max N min 38.
From y”: y" =0at x = =2+ /2.
Yo+ -2-V2 - —2+V2 4+
I E x
y -~ infl ~ infl ~
y
(=2,4¢7%)
y = x2 e*
—2-2 —244/2 x
Fig. 4.6.34
In
y=— x > 0),
x
, 1-2Inx , 6lnx-35
y = ———?—, y = ——4——.
x
From y: Intercepts: (1,0). Asymptotes: y = 0, since
" lnx_O dx=0. si i Inx
xl»nc}o?_ , and x = ,smccx_x)r(r)ler—z——oo 40.
From y’: Critical point: x = e'/2,
CP
y 0+ Ve o -
f i x
y VAR SN
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From y”: y” =0 at x = ¢°/5.

y' 0 _ £5/6 +
| f x
y ~ infl -
y
(Ve.(2e)7")
1 le5/6 X
__Inx
y=3
Fig. 4.6.36
Y= e ¥ = 2 DT = 3 4 )
x
From y: Intercept: (0, 0). Asymptotes: y = 1 as
x — 00, and y = —1 as x - —oo. Symmetry: odd.

From y’: No critical point. ' > 0 and y is increasing
for all x.
From y"”: y”" =0 atx =0.

y oo+ 0 -
} x
y ~ il ~
y
..... y=1
X X
y =
y=—1 x2+1
Fig. 4.6.38

According to Theorem 5 of Section 4.4,

lim xIlnx =0.
x—>0+

Thus,
limxIln|x|= lim xlnx =0.
x—0 x—>0+

forum.konkur.in



www.konkur.in

STUDENT SOLUTIONS MANUAL

If f(x) = xIn|x| for x # 0, we may define f(0) such 4.
that f(0) = lin}) xIn|x| = 0. Then f is continuous on
x—

the whole real line and

1
" (x) = —sgn (x).

f/@) =Inlx|+1,
x|

From f: Intercept: (0, 0), (£1,0). Asymptotes: none.
Symmetry: odd.

From f’: CP: x = :I:é. SP: x = 0.

CpP SP CP
1 1
o+ - - 0 - -+
1: : § x
oc lo
7 max N N omn
From f”: f” is undefined at x = 0. 2.
f// — 0 +
} X
f ~ infl ~
y
4,
-1 1
(2
X
1 -1
(%)
y =xIn|x|
Fig. 4.6.40 6.

Section 4.7 Graphing with Computers
(page 257)

The square of any number will tend to require an in-

creased number of digits to represent it—especially for

squares of numbers with large numbers of digits to be-

gin with. However on a computer the number of digits is

fixed so the least significant digits are discarded. The re-

sulting number is different from the square of the original 8.
number. Consequently the square root will not be quite

the same and the expression cannot be expected to vanish

exactly.

SECTION 4.8 (PAGE 263)

Since there are 64 — 52 — 2 = 10 bits left to represent the
exponent the absolute value of the exponent, the smallest
possible exponent is

—1111111111 =_(1+2+22+...+29),

that is, —1023 in base 10. The smallest positive mantissa
is 0.000---001 = 2732, so the smallest positive binary
floating-point number is

2792 x 20— 1023) = 275271023
— 10—1075 log102 ~ 10-324.

Section 4.8 Extreme-Value Problems
(page 263)

Let the numbers be x and § where x > 0. Their sum is
x

8 .

S =x+ —. Since § - oo as x — oo or x — 0+, the
x

minimum sum must occur at a critical point:

8 = x =2/2.

=1-—
x2

(=}
Il
B
9}

8
Thus, the smallest possible sum is 2v/2 + —= = 4+/2.
242

Let the numbers be x and 16 — x. Let
P(x) = x3(16 — x)°. Since P(x) - —o0 as x — 00,
so the maximum must occur at a critical point:

0= P'(x) =3x%(16 — x)° — 5x3(16 — x)*
= x2(16 — x)*(48 — 8x).
The critical points are 0, 6 and 16. Clearly,

P(0) = P(16) =0, and P(6) = 216 x 10°. Thus, P(x) is
maximum if the numbers are 6 and 10.

If the numbers are x and n — x, then 0 < x < n and the
sum of their squares is

Sx) =x%+ (n —x)%
Observe that S(0) = S(n) = n?. For critical points:
0=Sx)=2x-2(n—x)=22x —n) = x =n/2.

Since S(n/2) = n?/2, this is the smallest value of the
sum of squares.

Let the width and the length of a rectangle of given
perimeter 2P be x and P — x. Then the area of the rect-
angle is

A(x) = x(P —x) = Px — x%.

71
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Since A(x) - —o00 as x — =00 the maximum must Since ) )
occur at a critical point: a*p _ -2R <0
dx?2 — (R2 _x2)3/2
0= %é =P —-2x = x = g therefore P(x) is concave down on [0, R], so it must
X
have an absolute maximum value at x = —. The largest
P . . NG
Hence, the width and the length are B and perimeter is therefore
P P
(P — =) = —. Since the width equals the length, it 2R 2R 4R? 10R
isa sq&are. P (——) =4 (—) + ./ R? — — = —— units.
V5 V5 5 5
Let the various dimensions be as shown in the figure.
Since ~ = 10sinf and b = 20cos 8, the area of the Y
triangle is X RE=5
A(®) = Lbh = 100sin6 cos 0 R
=50sin20  for 0 <6 < % —
Since A() > O as 6 — O and 6 — %, the maximum
must be at a critial point:
0=A0) = 100cos20=>29=%=>9=%. Fig. 4.8.12
14. See the diagrams below.
Hence, the largest possible area is . .
a) The area of the rectangle is A = xy. Since
—50sin|2 (Z) | = 50m2 b b(a — x)
A(n/4)_50sm[2(4)]_50m. y _b_ '
a—x a a
(Remark: alternatively, we may simply observe that the Thus, the area is
largest value of sin26 is 1; therefore the largest possible bx
area is 50(1) = 50 m2.) A=A(x)=—(@-x) (O<x<a).
a
For critical points:
, b a
0=Ax)=—-(@—-2x)=>x=—.
10 0 10 a 2
. 2b .
Since A”(x) = —— < 0, A must have a maxi-
a
0 0 mum value at x = %. Thus, the largest area for the
b/2 b/2 rectangle is
: b
Fig. 4.8.10 S (-‘21) (a - %) = %— square units,

Let x be as shown in the figure. The perimeter of the

rectangle is that is, half the area of the triangle ABC.

A
P(x) =4x + 2V R? — x2 0 <x<R). N
For critical points: Y
dp —2x Y
0= —‘; =4+ ——];é—_;;-R L X - a—x 5 A D B
2VR? —x? = =—.
SWR - =xmx= Fig. 48.14(a)  Fig. 4.8.14(b)

78
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(b) This part has the same answer as part (a). To see
this, let CD L AB, and solve separate problems for
the largest rectangles in triangles ACD and BCD
as shown. By part (a), both maximizing rectangles
have the same height, namely half the length of CD.
Thus, their union is a rectangle of area half of that
of triangle ABC.

NEED FIGURE If the equal sides of the isosceles trian-
gle are 10 cm long and the angles opposite these sides
are 0, then the area of the triangle is

1
A@) = 5(10)(10 sinf) = 50sin6 cm?,

which is evidently has maximum value 50 cm? when

0 = m/2, that is, when the triangle is right-angled. This
solution requires no calculus, and so is easier than the
one given for the previous problem.

Let x be the side of the cut-out squares. Then the vol-
ume of the box is

V(x) = x(70 — 2x)(150 — 2x) (0 <x <35).

Since V(0) = V(35) = 0, the maximum value will occur
at a critical point:

0= V'(x) = 4(2625 — 220x + 3x?)
= 4(3x — 175)(x — 15)

1
=x=15o0r ?

The only critical point in [0, 35] is x = 15. Thus, the
largest possible volume for the box is

V(15) = 15(70 — 30)(150 — 30) = 72, 000 cm’.

150

x 150—2x

70—2x 70

Fig. 4.8.18

If the manager charges $(40+x) per room, then (80—2x)
rooms will be rented.

The total income will be $(80 — 2x)(40 + x) and the total
cost will be $(80 — 2x)(10) + (2x)(2). Therefore, the
profit is

P(x) = (80 — 2x)(40 + x) — [(80 — 2x)(10) + (2x)(2)]

=2400 + 16x — 2x*  for x > 0.

22.

24.

26.

SECTION 4.8 (PAGE 263)

If PP(x) = 16 — 4x = 0, then x = 4. Since
P"(x) = —4 < 0, P must have a maximum value at
x = 4. Therefore, the manager should charge $44 per
room.

This problem is similar to the previous one except that
the 10 in the numerator of the second fraction in the ex-
pression for T is replaced with a 4. This has no effect
on the critical point of T, namely x = 5, which now lies
outside the appropriate interval 0 < x < 4. Minimum T
must occur at an endpoint. Note that

12 4
T) = I + 39 = 0.9026

T@) = 11—5\/122 + 42 = (.8433.

The minimum travel time corresponds to x = 4, that is,
to driving in a straight line to B.

(a) As shown in the previous exercise, the energy
for a flight with airspeed v into the headwind is
En = k&v3/(v — u). Similarly, the energy for a
flight of the same distance with airspeed w and a
tailwind of speed u is E; = k£w3/(w + u).

(b) Since E! = alw?Qw + 3u)/(w + u)* > 0 for all
w > 0, E, is an increasing function of w. Thus
its smallest value occurs for the smallest value of w
that permits flight, namely w = s. The minimum
energy for the tailwind trip is E; = kes3/(s + u).

(c) The minimum energy for the tailwind part of the
round trip in part (b) is independent of u. However,
for the headwind part, the minimum E, = v = 3u/2
only applies as long as v > s. Otherwise the plane
cannot fly. If u > 2s/3, then v = 3u/2 and the least
total energy for the trip is k£(s3/(s + u) + 27u?/4).
If u < 2s/3, then the minimum value for Ej at
v = 3u/2 implies a speed too slow to stay airborne.
As E; > 0 when v > 3u/2 the the least value for
Ej, that is admissible happens for v = s. Thus the
total energy becomes 2kfs*/(s2 — u?).

Let the dimensions of the rectangle be as shown in the
figure. Clearly,

x =asinf + bcosb,
y =acosf + bsinf.

Therefore, the area is

A) =xy
= (asinf + bcosH)(acos b + bsinh)
=ab+ (a2+b2) sin 6 cos 6
—ab+ %(a2 +bHsin29  for0<6 < %
79
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If A(®) = (a® + b*)cos20 = 0, then 6 = —. Since

< BIS

A"@) = —2(a® + b?)sin20 < 0 when 0 <

3

14
< —
-2

T
therefore A(0) must have a maximum value at § = 7
Hence, the area of the largest rectangle is

A (5) = ab+ 2@+ b)) sin (%)

4 2
1 1
=ab + 5(02 + b2) = E(a + b)2 $g. units.
a b .
(Note: x = y = — + — indicates that the rectangle

V2
containing the given rectangle with sides a and b, has

largest area when it is a square.)

Fig. 4.8.26

The longest beam will have length equal to the minimum
of L = x + y, where x and y are as shown in the figure
below:

_a _ b
T cos’ 2T sng
Thus,
a b b4
L =L = —_— pa— .
©) cos + sinf (0 <0< 2)
a X
Fig. 4.8.28
80

30.

R. A. ADAMS: CALCULUS

If L’(®) =0, then

asinf®  bcos6 _
cos? 6 sin26
asin® 0 — beos® 0
& - =0
cos? @sin2
= asin® @ —bcos® =0

b
RoN tan® 6 = —
a

b1/3

<=> tan9=m.

b4
Clearly, L(f) > oo as 8 — 0+ or 8 — 77 Thus, the

b1/3
minimum must occur at § = tan~! (m> Using the
1/3
triangle above for tanf = 73 it follows that
al/3 ) pl/3
080 = —————, sinf = ———.
/a2l3 + p2/3 /273 + b2/3
Hence, the minimum is
a b

L©) = +

1/3 p1/3
() ()
3/2
= (az/ 3 3) units.

Let 0 be the angle of inclination of the ladder. The
height of the fence is

h(6) = 65in6 — 2tand (o <6 < ’%)

6 m
h
2 m 4
Fig. 4.8.30

For critical points:

0=h(@®) = 6cosh — 2sec? 6

=3cosf =sec? = 3cos® 6 =1

=cosf = (%)1/3.
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Since h"(0) = —6sinfd — 4sec? ftand < O for
0 < 6 < —, therefore h(#) must be maximum at
6 = cos~! (%)1/3. Then
A/32/3 — 1
sin0=—3T/—3—, tan9=v32/3—1.

Thus, the maximum height of the fence is
V323 -1
h(@©) =6 (T) —24/323 — 1
=203%% -1’2 ~224m.

The square of the distance from (8, 1) to the curve
y=1+x32is
S=@-8+(p-17
=@x—8)%+1+x¥?-1)?
= x> 4+ x% — 16x + 64.
Note that y, and therefore also S, is only defined for

x>0. If x=0then S =64. Also, S —» o if x = 0.
For critical points:

ds
=3;=3x2+2x—16=(3x+8)(x—2)
@x:—% or 2.

Only x = 2 is feasible. At x = 2 we have S =44 < 64.
Therefore the minimum distance is v/44 = 2+/11 units.

Let the radius and the height of the circular cylinder be r
and h. By similar triangles,
h H H(R-r)
= e h= —,
R—r R = R

Hence, the volume of the circular cylinder is

ar?H(R —r)
R

3
=71H<r2—%> forO0<r <R.

V(@) =nrih =

Since V(0) = V(R) = 0, the maximum value of V must

d 2
be at a critical point. If av =mH{2r — El =0,
dr R

then r = 5 Therefore the cylinder has maximum

o Lo 2R . ST
volume if its radius is r = R units, and its height is

SECTION 4.8 (PAGE 263)

Fig. 4.8.36

From the figure, if the side of the square base of the
pyramid is 2x, then the slant height of triangular walls
of the pyramid is s = +/2 — x. The vertical height of the
pyramid is

h=\/s2—x2=\/2—2~/§x+x2-—x2=x/5\/1—«/§x.
Thus the volume of the pyramid is
V= 43£x2 l—ﬁx,

for0 <x <1 /«/Z V = 0 at both endpoints, so the

maximum will occur at an interior critical point. For CP:

dv 42| f V2x?
0=:i——=——3—-|:2x l—ﬁx—m]

4x(1 — «/Ex) = +/2x?
4x = 5/2x% , X = 4/(5«/5).

81
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V(4/(54/2)) = 324/2/(75+/5). The largest volume of
such a pyramid is 32+/2/(75+/5) ft3.

38. Let 4 and r be the length and radius of the cylindrical
part of the tank. The volume of the tank is

V =nrlh + %nr3.

Fig. 4.8.38
If the cylindrical wall costs $& per unit area and the

hemispherical wall $2k per unit area, then the total cost
of the tank wall is

C = 2nrhk + 8nr?k

V- gnr3 2
=2nrk——=— +8nrk
wr
2Vk 16
= — ?nrzk 0 <r < 00).
r

Since C — o0 as r — 0+ or r — 00, the minimum cost

must occur at a critical point. For critical points,

dc
0= — = =2Vkr2+=mrk &

Since V = nr?h + %n’r3,

3V 13
h=4r=4{ — .
= ’ (16n)

Hence, in order to minimize the cost, the radius and
length of the cylindrical part of the tank should be

3y \'/? v\
(Té?) and 4 (E) units respectively.

40. If the path of the light ray is as shown in the figure then
the time of travel from A to B is

Va? + x2 N Vb + (c — x)?
v ) ’

T=Tx)=

82

32 _(3V\
dr 3 EANTY
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A C
a i
X iIC—X
é\ b
B
Fig. 4.8.40
To minimize T, we look for a critical point:
0= aT _ 1 X 1 c—x
dx V1 Va2 + x2 V2 \/b2 +(c _x)Z
1
= —sini — — sinr.
U] v2
Thus,
sini M
sinr v

42. The curve y = 1 + 2x — x has slope m = y’ = 2 — 3x2.
Evidently m is greatest for x = 0, in which case y = 1
and m = 2. Thus the tangent line with maximal slope
has equation y = 1 + 2x.

44. Let h and r be the height and base radius of the cone
and R be the radius of the sphere. From similar trian-

gles,
r _ R
ViZ¥r2 h-—R
2r2R
= h = m (r > R).
h -R
h2+r2
g
R
=—
Fig. 4.8.44

Then the volume of the cone is

1, 2 r4

V= -3:77 r°h = §7‘[ Rm

Clearly V — oo if r — oo or r — R+. Therefore to
minimize V, we look for a critical point:

o4V _2 p [<r2 - RH@r’) - r“(zr)]

(R <r < o0).

T dr 3 (r2 — R2)2
& 4P —4’R* -2 =0
=g r= «/§R.
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Hence, the smallest possible volume of a right circular
cone which can contain sphere of radius R is

2 4R*
v=irr(smrem

2
Let distances and angles be as shown. Then tana = —,
X

8
) = -?;nRz’ cubic units.

12
tan(@ + @) = —
x

2
12 tn6+taneg @00+

x 1—tanftana

2
1 — —tan6
X

12 24 2
—-——2tan0=tan0+—
X x

x
24 10 10x

tan6 (1+ 2 ) = — = f(2).

anO( +x2> x’ x24+24 f)

To maximize 6 (i.e., to get the best view of the mural),

we can maximize tanf = f(x).
Since f(0) =0 and f(x) = 0 as x — o0, we look for a

critical point.
x2 424 — 2x?
10| ———— 2
[ 7+ 287 ]z”
= x =26
Stand back 2+/6 ft (= 4.9 ft) to see the mural best.

so tanf =

0=f'(x) = =24

Fig. 4.8.46

Let the cone have radius r and height 4.
Let sector of angle 6 from disk be used. 10.

Then 27r = RO so r = —&0

R29 12.
Also h =+R? —r2=_/R?2 - 92
The cone has volume
nr’h _w R* , R e —
47?2 —
3 T34 VA

R3
iy 57— f(©0) where f(0) =

0%V4n2 — 62 (0 <6 <2n)

SECTION 4.9 (PAGE 271)

V() = V(@2r) = 0 so maximum V must occur at a
critical point. For CP:

0= f'(0) =204n? — 62 —

472 — 62

8 »

= 2(4n? =60*= 5” .

8
The largest cone has volume V (n\/;) =

CUu. units.

. S
|

Fig. 4.8.48

2R3
9v/3

Section 4.9 Linear Approximations
(page 271)

f) = x73, flx) = =3x74 ) = 1/8,
f'(2) = —3/16.

Linearization at x = 2: L(x) = § — £(x —2).

fx) = V3+x2, f'x) = x/V3+x2% f(1) =2,
[y =12

Linearization at x = 1: L(x) =2+ 2(x - 1.

f) =x71V2, f(x) = (=1/x 732, f(4) =1/2,
f'@) =—1/16.

Linearization at x =4: L(x) = — - —(x 4).

f(x) = cos(2x), f'(x) = =2sin(2x), f(/3) = —1/2,
f(/3)=~3
Linearization at x = 7/3: L(x) = —4 —+/3(x - %).

f(x) =tanx, f'(x) =sec’x, f(x/4) =1, f'(m/4) =2.
Linearization at x = 7/4: L(x) =1+2(x - ).

If V and x are the volume and side length of the cube,
then V = x3. If x =20 cm and AV = —12 cm3, then

—12=AV =~ ‘;—VAx =3x2 Ax = 1,200 Ax,
X

so that Ax = —1/100. The edge length must decrease by
about 0.01 cm in to decrease the volume by 12 cm?.
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a = g[R/(R + h)]* implies that
da -2
Aa~ — Ah = gR* ——
¢~ an B wmrm M
If h=0 and Ak = 10 mi, then
20g 20 x 32
Aa~ -0 = ~ 0. 2,
a R 3960 0.16 ft/s
Let f(x) = /x, then f'(x) = 2x~1/2 and
f"(x) = —1x73/2. Hence,
VAT = f@4T) ~ f(49) + f'(49)(47 — 49)
1 48
= 7 _— —2 = — =X 0. .
+(14)( ) 7 6.8571429
Clearly, if x > 36, then
1 1
" < = — = .
POl g =sa =X
Since f”(x) < 0, f is concave down. Therefore, the
enorE=m—478 <0 and
|E| < —(47 497 = -,
432°
Thus, A
8 1 48
T m V<7
6.8548 < /47 < 6.8572.
1 ) 1 2
Let f(x) = —, then f'(x) = —= and f"(x) = =.
x x x
Hence,
= f(2.003) ~ f(2) + f'(2)(0.003)

2.003

1 1
=3 + (-Z) (0.003) = 0.49925.

If x > 2, then |f"(x)| < 3 = 1. Since f"(x) > 0 for
x >0, f is concave up. Therefore, the error

1

E=— —
5003~ 49925 > 0
and 1
|E| < g(0.003)2 = 0.000001125.
Thus,
1
049925 < —— < 0. }
9925 < 5003 < 0.49925 + 0.000001125
1
0.49925 < 7003 < 0.499251125.
84
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cosx and

(5 %)

Let f(x) =
f'x) =

(-

sinx, then f'(x) =
—sinx. Hence,

(% 0~/ (5)+

3
(31) ~ 0.5906900.

\
+

Nl'—‘
“l&

Ifx < %, then | £"(x)]

0 < x <90° f is concave down. Therefore, the error E
is negative and

< LZ Since f”(x) < O on

1

E| < —

(;’—0)2 — 0.0038772.

Thus,

0.5906900 — 0.0038772 < sin (

) < 0.5906900
) < 0.5906900.

IR RV IR

0.5868128 < sin(

Let f(x) = sinx, then f/(x) = cosx and
f"”(x) = —sinx. The linearization at x = 30° = /6
gives

xS

sin(33°) = sin (% + %)
inZ +cos = (_jf.
6 6 60)
1 NEE
=3+ (86) ~ 0.545345.

Since f”(x) < 0 between 30° and 33°, the error E in the
above approximation is negative: sin(33°) < 0.545345.
For 30° <t < 33°, we have

| f” ()] = sint < sin(33°) < 0.545345.

Thus the error satisfies

0.345345 (1)2 < 0.000747.

E| <
Bl = =

Therefore

0.545345 — 0.000747 < sin(33°) < 0.545345
0.544598 < sin(33°) < 0.545345.

From the solution to Exercise 16, the linearization to
fx) =x!/2 at x = 49 has value at x = 47 given by

L(47) = f(49) + f(49)(47 — 49) ~ 6.8571429.
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Also, 6.8548 < /47 < 6.8572, and, since
') = —1/(4(/x)%),
-1 -1 -1
< < f” <

2685487 = avany = W =gap
for 47 < x < 49. Thus, on that interval,
M < f’(x) < N, where M = —0.000776 and
N = —0.000729. By Corollary C,

L@ + %(47 —49)% < f(47) < L@ + %(47 - 49)?
6.855591 < v/47 < 6.855685.

Using the midpoint of this interval as a new approxima-
tion for /47 ensures that the error is no greater than half
the length of the interval:

V47 ~ 6.855638, |error| < 0.000047.

From the solution to Exercise 22, the linearization to
f(x) = sinx atx = 30° = /6 has value at
x =33° =m/6 + /60 given by

L(33°) = f(r/6) + f'(1/6)(m/60) ~ 0.545345.

Also, 0.544597 < sin(33°) < 5.545345, and, since
f"(x) = —sinx,

—sin(33°) < f"(x) < —sin(30°)

for 30° < x < 33° Thus, on that interval,
M < f"(x) < N, where M = —0.545345 and N = —0.5.
By Corollary C,

L(33°) + %(n/60)2 <sin(33°) < L(33°) + %(n/60)2
0.544597 < sin(33°) < 0.544660.

Using the midpoint of this interval as a new approxima-
tion for sin(33°) ensures that the error is no greater than
half the length of the interval:

sin(33°) ~ 0.544629, |error| < 0.000031.

The linearization of f(x) at x =2 is
LxX)=fQ+ f/Qx—-2)=4—-(x-2).

Thus L(3) = 3. Also, since 1/(2x) < f"(x) < 1/x for
x > 0, we have for 2 < x <3, (1/6) < f"(x) < (1/2).
Thus

1

L EAVIPY LAV DY
3+2(6)(3 2) sf(3)s3+2<2)(3 22,

30.

4.
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The best approximation for f(3) is the midpoint of this
interval: f(3) ~ 3%.

If £(0) = sin0, then f'(#) = cosf and f”(0) = —sinb.
Since f(0) = 0 and f’(0) = 1, the linearization of f at
0=0is LO)=0+ 1 —0) =0.

If0<t<6,then f'(¢t) <0,s00<sinf <86.
If0>¢>0,then f’(t) >0, so 0>sind > 6.

In either case, |sint| < |sinf| < |0| if ¢ is between O and
0. Thus the error E(#) in the approximation sinf = 6

satisfies ,
01,2 16l
E@©) < S 10 = =~

If 9] < 17° = 177/180, then

IE@®)] 1 [(177)\?
PN o 2 (=) ~0.044.
o —2 (180)

Thus the percentage error is less than 5%.

Section 4.10 Taylor Polynomials
(page 279)

If f(x) = cosx,then f/(x) = —sinx,
f’(x) = —cosx,and f”(x) = sinx. In par-
ticular, f(r/4) = f"(x/4) = 1/+/2 and
f(r/4) = f"(n/4) = —1/+/2. Thus

=5 [1- (- 5)- 3= 3 4= D)

f(x) =secx ) =1
f'(x) =secxtanx =0
F"(x) = 2sec® x — secx f'oy=1
F"(x) = (6sec’ x — 1) secx tanx ") =0

Thus P3(x) = 1+ (x2/2).
f)=@1-x)"" ) =1

@) =01-x)"2 flo=1
) =201-x73 [0 =2

f///(o) = 3!

) =311 -x)7*
f ‘")(x)'= n\(1 — x)~@+D F™©0) =n!

Thus
Po(x)=1+x+x2+x3+.- +x"

85
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f(x) = sin(2x) f(@/2) =
f'(x) = 2cos(2x) fl@/2) = -2
f"(x) = —22sin(2x) f(@/2) =

F"(x) = =23 cos(2x) )2 =23

O =24sin@x) =24 f(x) [P/ =0
fPm =2 (x) O/ =-2°
Evidently f®(n/2) = 0and

F@=D(/2) = (—1)*22"~1. Thus

23

mwm 3 Gl Sy
(- 1)"(2"—_11), (=2)""
Since f(x) = /x, then f'(x) = Sx~1/2,
fx) =—4x73% and f"(x) = -x‘5/2 Hence,
V61~ f(64) + f'(64)(61 — 64) + lf”(64)(61 - 64)
=8+ %( k) (20148) (=3)? ~ 7.8103027.

. f///(c) 3
The error is Ry = Ry(f; 64,61) = T(Gl — 64)° for

some ¢ between 61 and 64. Clearly Ry < 0. If t > 49,
and in particular 61 < ¢ < 64, then

Lf" ()] < 24972 = 0.0000223 = K

Hence,

|Ry| < —-—|61 64 = 0.0001004.

=3
Since Ry < 0, therefore,

7.8103027 — 0.0001004 < +/61 < 7.8103027
7.8102023 < /61 < 7.8103027.

Since f(x) =tan~! x, then

’ _ 1 " _ —2x " _2+6x2
)= 72 frx) = TSk frx) = a5
Hence,

tan™" (0.97) ~ f(1) + f'(1)(0.97 — 1) + 1 f"(1)(0.97 — 1)?

Tyl 1Y o032
=7 +5( 0.03)+< 4>( 0.03)

= 0.7701731.

14.

16.

R. A. ADAMS: CALCULUS

. f/l/( C) 3
The error is Ry = (—0.03)° for some ¢ between
0.97 and 1. Note that Rz <0. If 097 <t <1, then

£ 0] < £(1) = (—‘1391;)—3 <0522 =K
Hence,
K 3
|Ry| < §|0.97 — 1)° < 0.0000024.
Since R, < 0,

0.7701731 — 0.0000024 < tan~"' (0.97) < 0.7701731
0.7701707 < tan~! (0.97) < 0.7701731.

Since f(x) = sinx, then f/(x) = cosx, f”(x) = —sinx
and f"’(x) = —cosx. Hence,

sin@7°) = f (%’ + %)

“f(%)“c( )(90)+ f”( )(9”0)2
1 1 b 4 1 T \2

=E+E(%)‘2—ﬁ(%)

~ 0.7313587.

" 3
The error is Ry = f fc) (f—)
and 47°. Observe that'Rz < 0. If 45° <t < 47°, then

for some ¢ between 45°

1
") <|—cosd5°| = — =K.
7@ < | 7

Hence, ,
K /o
Rl < 5 (9—0) < 0.0000051.

Since R, < 0, therefore
0.7313587 — 0.0000051 < sin(47°) < 0.7313587
0.7313536 < sin(47°) < 0.7313587.
For f(x) = cosx we have

" (x) =sinx

fOw =

f"(x) = —cosx

O =

f'(x) = —sinx

F®(x) =cosx —sinx — cos x.

The Taylor’s Formula for f witha =0 and n =6 is

x2 x4 6

cosx—-l——-—+———

. -+ Re(£10,)

where the Lagrange remainder Rg is given by

0 4 _ sincx7

Rs = Re(f;0,x) = TR TR
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for some ¢ between O and x.

1
Given that f(x) = T— then

! —_ 1 " — 2
FO=a I'®=qg
In general,
n) _ n!
fP = (1 —x)+D’

Since a = 0, f™(0) = n!. Hence, for n = 6, the Taylor’s
Formula is

f

——f(0)+2 )" 4 Re(f30, %)

1
=l+x+x +x34x +x5+x6+R6(f;0,x).

The Langrange remainder is

FP) o x7
71 T (1-¢)8

Re(f;0,x) =

for some ¢ between 0 and x.

Given that f(x) = tanx, then

f(x) =sec? x
') =
Ow =
f(4)(x) = 8tanx(3 sec* x — sec? x).

2sec? x tanx

6sect x —4sec? x

Given that a = 0 and n = 3, the Taylor’s Formula is
£ ©) 24
21

2
_x+§x + R3(f; 0, x)

15 2 ;5
_x+3x +15x

tanx = £0) + /O + L2 4 L0 3

The Lagrange remainder is

F® ) 4 tanc(3 sec* X — sec2 C) 4

R3(f30,%) = ——x" = 3

for some ¢ between 0 and x.
u? 3 4

For e*, P4(u)—1+u+-2—‘+"—+% Let u = —x2.
Then for e—* :
4 56 8
X X
P; =1- —_——
3 (x) x+2| TRDTE

+ R3(f; 0, x)

24.

26.

28.
30.

32.

34.

SECTION 4.10 (PAGE 279)

sinx = sin(n +x - zr)) = —sin(x — )
x—m)3 (x—m°
Ps(x)=—(x —m)+ T - 51
cos(3x — ) = —cos(3x)
3252 34xt 3646 38,8
Py =—1+ ==+t "
For In(1 + x) at x = 0 we have
Py1() = x x2+x3_ +x2n+l
A=A TS M1
For In(1 — x) at x = 0 we have
2 i3 X2+l
P = —x = ...
2n+1(x) ) 3 )
1 1 1
For tanh = 5 In(1 +x) — 3 In(1 — x),
, ()—x+x3+x5+ +x2n+l
WA =ET TS m+1

In Taylor’s Formulas for f(x) = sinx with a = 0, only
odd powers of x have nonzero coefficients. Accordingly
we can take terms up to order x2**! but use the remain-
der after the next term 0x?"+2, The formula is

5 2n+1

3
X n
AR T T

. X
sinx =x — — +

TR + Rop+2,

where
cosc

2n+3
Cnt+3)”

Ron2(f;0,x) = (_1)n+1

for some ¢ between 0 and x.

In order to use the formula to approximate

sin(1) correctly to 5 decimal places, we need
|Ran+2(f;0, 1)} < 0.000005. Since |cosc| < 1, it is
sufficient to have 1/(2n + 3)! < 0.000005. n = 3 will do
since 1/9! = 0.000003. Thus

1 1 1

sm(1)~1——+-57—-7-?

~ 0.84147

correct to five decimal places.

1—x" =1 —-x)A+x+x2+x3+---+x"). Thus
1 n+l

=l+x+x2+x0++x"+
1—x 1—x

Iflx] <K<1l,then|l—x|>1-K>0,so0

xn+l

1
< n+lyp n+l1
ST I=06")

1—x

87
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asx — 0. By Theorem 11, the nth-order
Maclaurin polynomial for 1/(1 — x) must be
Pax)=1+x+x2+x3+ - +x"

Section 4.11 Roundoff Error, Truncation Er-
ror, and Computers (page 283)

Since f(x) — Pa(x) = O(x)) as x approaches 0, on
this very small interval centred at zero we would expect
the graph to be the horizontal line through the origin.
Instead, there is a band of points having a peculiar struc-
ture. The plot can vary between different implementa-
tions of Maple on different operating systems, but some
of the four horizontal lines (actually envelop curves) pro-
posed in the exercise seem to provide natural boundaries
for most of the points.

a) The result of question 3 suggests that computer pro-
duces a number C(1 + «) for one expression and
C(1 + B) for the other. o and B will both be dis-
carded positive numbers that are both less than €
by assumption. Thus for each expression, individu-
ally the computer returns C, however the difference
between these two expressions is (¢ — B)C, where
(@ — B)| < €. Thus the computer returns a value for
the difference which is less than €C but not neces-
sarily equal to 0.

b) Yes. In certain cases, internal errors may grow suf-
ficiently that the computer returns a value different
from C, meaning that either or both of o and 8 may
not be entirely discarded. The algorithm evaluating
such expression may be in need of improvement in
such a case.

¢) Yes. In certain cases internal errors can be negligible
or zero, or they can cancel one another. Consider
for example the expression. 1 - V12, which will not
challenge machine precision at all.

Review Exercises 4 (page 284)

a) Since F must be continuous at r = R, we have

mgR?
R2

4
= mkR, k==,
m or R

b) The rate of change of F as r decreases from R is
d
(——(mkr)) = —mk=-"£.
dr r=R

88

4.

R. A. ADAMS: CALCULUS

The rate of change of F as r increases from R is

d mgR?

dr r?
Thus F decreases as r increases from R at twice the
rate at which it decreases as r decreases from R.

If pV =5.0T, then

_ _2ng2 _ _2m__g

r=R B R3 R’

dp av dT
Pyipd” _50L
ar ' P dr

a) If T = 400 K, dT/dt = 4 K/min, and V = 2.0 m’,
then dV/dt = 0, so dp/dt = 5.0(4)/2.0 = 10. The
pressure is increasing at 10 kPa/min.

b) fT = 400K,dT/dt = 0,V = 2
m?3, and dV/dt = 0.05 m3/min, then
p = 5.0(400)/2 = 1,000 kPa, and
2dp/dt + 1,000(0.05) = 0, so dp/dt = -25.
The pressure is decreasing at 25 kPa/min.

If she charges $x per bicycle, her total profit is $ P,
where
-75
P=(x=THNG) =45 x 10° 2=,
Evidently P <0if x <75,and P — 0 as x — o0. P
will therefore have a maximum value at a critical point in
(75, 00). For CP:

2 (x=175)2
0=2F 455100 P2
dx

’

x4

from which we obtain x = 150. She should charge $150
per bicycle and order N(150) = 200 of them from the
manufacturer.

C

-7 (x, C(x)

C(x)
-7 slope = —— = average cost

Fig. R-4.8

a) For minimum C(x)/x, we need

_dCl _xC'(x) = C(x)
Tdx o x x2 ’

so C'(x) = C(x)/x; the marginal cost equals the
average cost.
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b) The line from (0, 0) to (x, C(x)) has smallest slope
at a value of x which makes it tangent to the graph
of C(x). Thus C’(x) = C(x)/x, the slope of the
line.

¢) The line from (0, 0) to (x, C(x)) can be tangent to
the graph of C(x) at more than one point. Not all
such points will provide a minimum value for the
average cost. (In the figure, one such line will make
the average cost maximum.)

10. If x more trees are planted, the yield of apples will be

Y = (60 + x)(800 — 10x)
= 10(60 + x)(80 — x)
= 10(4, 800 + 20x — x?).

This is a quadratic expression with graph opening down-
ward; its maximum occurs at a CP:

dy
0= — =10(20 — 2x) = 20(10 — x).
dx
Thus 10 more trees should be planted to maximize the
yield.

12. The narrowest hallway in which the table can be turned
horizontally through 180° has width equal to twice the
greatest distance from the origin (the centre of the table)
to the curve x2 4+ y* = 1/8 (the edge of the table). We
maximize the square of this distance, which we express
as a function of y:

1
S =x*+yr=y"+ i o 0<y=< /8.

Note that S(0) = 1/8 and S((1/8)!/%) = 1/4/8 > $(0).
For CP:

ds
0=— =2y —4y> =2y(1 - 2y?).

dy 2w y(1=2y%)
The CPs are given by y = 0 (already considered), and
y? = 1/2, where S(y) = 3/8. Since 3/8 > 1//8, this is
the maximum value of S. The hallway must therefore be
at least 2,/3/8 =~ 1.225 m wide.

14.
Y4
"*ree.,, trajectory

1,000, .
J= T4 (x/500)2

o
s
.
.
o
8
&
K
0
-
o
o

Fig. R-4.14

REVIEW EXERCISES 4 (PAGE 284)

If the origin is at sea level under the launch point, and
x(t) and y(t) are the horizontal and vertical coordinates
of the cannon ball’s position at time ¢ s after it is fired,
then

d*x _ d?y

w=- gE=%

At t =0, we have dx/dt =dy/dt = 200/«/5, SO

dx 200 dy —-32t+399
dt — 2’ dt V2

Att = 0, we have x = 0 and y = 1,000. Thus the
position of the ball at time ¢ is given by

__200t
=75

200t
= —161> + =— +1, 000.
y 7

We can obtain the Cartesian equation for the path of the
cannon ball by solving the first equation for ¢ and substi-
tuting into the second equation:

2

2x
y =16 500 +x +1,000.

The cannon ball strikes the ground when

2x2 1,000
_16 22 1,000 = — >~ .
2000 TFT 1+ (x/500)2

Graphing both sides of this equation suggests a solution
near x = 1,900. Newton’s Method or a solve routine
then gives x ~ 1, 873. The horizontal range is about

1,873 ft.
16. sin’x = 1(1 - cos(2x))
2
1 22x2 24 2646 8
=§[1‘(1‘ T e T e TOC ))]
4 6
, X 2x 8
=x2-=+=_ 40
x 3 + 25 + O0x%)
3sin?x — 3x2 + x*
x—0 x6
3x2 —x*+ 3Jc6 + 08 —3x2 —x*
= lim 15
6
x—0 X

. 2 2 2
=lm 5+060 =135

18. The second approximation x is the x-intercept of the
tangent to y = f(x) at x = xo = 2; it is the x-intercept
of the line 2y = 10x — 19. Thus x; = 19/10 = 1.9.

89
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REVIEW EXERCISES 4 (PAGE 284)

The square of the distance from (2, 0) to (x, Inx) is
S(x) = (x —2)2 + (Inx)?, for x > 0. Since S(x) — 0o
as x — oo or x — 0+, the minimum value of S(x) will
occur at a critical point. For CP:

0=S'(x)=2(x—2+1n7x).

We solve this equation using a TI-85 solve routine;
x ~ 1.6895797. The minimum distance from the origin

to
y = e* is 4/S(x) = 0.6094586.

Challenging Problems 4 (page 285)

d
Let the speed of the tank be v where v = i ky.
Thus, y = Ce¥. Giventhatatt = 0, y = 4, then
4 = y(0) = C. Also given that at r = 10, y = 2, thus,

2=y(10) =4¢'% = k = — {5 In2.

1 d 1

Hence, y = 4e" 102" apd v = o (=—In2)y. The
dt 10

slope of the curve xy =1 is m = il A -=. Thus, the
dx x

1
equation of the tangent line at the point (—, yo) is
Yo

1 .
y=Yyo— (x ), ie, y=2y— xyg.

_YO

oy

R. A. ADAMS: CALCULUS

. 2 . .
Hence, the x-intercept is x = — and the y-intercept is

Yo
y = 2yo. Let 6 be the angle between the gun and the
y-axis. We have

tan9=£=
y 2y yy ¥
dé —8dy
2
2] =
T E TV
Now
16  y*+16
sec29=1+tan29=1+7=yt ,
y y
SO
de 8y dy _ 8ky?
dt —  y*+16dt = y*+16

2
The maximum value of 4
yt+16

occurs at a critical

point:

0o 01 +162y =247
(y* +16)2
< 2y° =32y,
or y = 2. Therefore the maximum rate of rotation of the
gun turret must be

22 1
——— = —k = — In2~0.0693 rad/m,
2+ 16 0" radm
and occurs when your tank is 2 km from the origin.

4, P=2nLjg=2xL"2g71/2,

a) If L remains constant, then

-8k

dpP
8

AP —mLftg 182

P 2w L1/2g=1/2 & 2 g’
If g increases by 1%, then Ag/g = 1/100, and
AP/P = —1/200. Thus P decreases by 0.5%.

b) If g remains constant, then
dpP
AP~ =——AL=nL"2g 12 AL
dL &
AP _mwL7'2g=12 1AL
P 2xL12g-12 T2 L’
If L increases by 2%, then AL/L = 2/100, and
AP/P = 1/100. Thus P increases by 1%.

6. If the depth of liquid in the tank at time ¢ is y(t), then
the surface of the liquid has radius r(¢#) = Ry(t)/H, and
the volume of liquid in the tank at that time is

Ry®\? R? 3
vo =% ( 22) v =5z (v0)’
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By Torricelli’s law, dV /dt = —k,/y. Thus

7R ,dy dV
S 332l T
327 dr T ar 22

or, dy/dt = —kyy~3/2, where ki = kH?/(x R?).

2/5
t
If y(t) = yo (1 - 7) , then y(0) = yo, y(T) = 0, and

dy 2 NP
Z =y (1=-= —_—— ) = =k y 32

where k1 = 2yo/(5T). Thus this function y(¢) satisfies
the conditions of the problem.

8. The slope of y = x3 +ax2+bx +c is
y' =3x%+2ax +b,

which — 00 as x — Zo00. The quadratic expression
y’ takes each of its values at two different points except
its minimum value, which is achieved only at one point
given by y” = 6x + 2a = 0. Thus the tangent to the
cubic at x = —a/3 is not parallel to any other tangent.
This tangent has equation

3 3

10.

Fig. C-4.10

CHALLENGING PROBLEMS 4 (PAGE 285)

a) Let the origin be at the point on the table di-
rectly under the hole. If a water particle leaves
the tank with horizontal velocity v, then its position
(X (@), Y()), t seconds later, is given by

d’X d’y
dr2 az = 8
ax _ ~odv _
ar a - ¢
X =t Y———gt2+h

The range R of the particle (i.e., of the spurt) is the
value of X when Y = 0, that is, at time ¢t = \/2h/g.

Thus R = v/2h/g.

Since v = k+/y — h, the range R is a function of y,
the depth of water in the tank.

b

~

R= k\/g,/h(y ~h).

For a given depth y, R will be maximum if A(y — k)
is maximum. This occurs at the critical point
h = y/2 of the quadratic Q(h) = h(y — h).

¢) By the result of part (c) of Problem 3 (with y re-
placed by y — h, the height of the surface of the
water above the drain in the current problem), we
have

2
t
y(t)—h=(yo—h)(1—7) , for0O<t<T.

As shown above, the range of the spurt at time ¢ is

R(t) = k\/g h(y(t) - h).

Since R = Rp when y = yo, we have
R

k= 0 )

\/gx/h()’O —h

Vh(ym - h) t
Therefore R(t) = Ro————= = Ro (1 - ——).

h(yo —h)
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SECTION 5.1 (PAGE 292)

CHAPTER 5. INTEGRATION

Section 5.1 Sums and Sigma Notation
(page 292)

pr Al n
iﬁ—i+4+9+ i
j=ln3—n3 n3  n n3

200
24+242+4---+2 (200 terms) equals 22

i=1

100
14+2x +3x2 +4x3 + ... +100x”° = Zixi'l
i=1

2n
1—x+x2—x3+~~+x2"=Z(—l)ixi
i=0

1,2.3 4 +n_"i
2 4 8 16 &y

m+6 1

o1
2 k2+l=z((i—6)2+l

1,000
Z Qj+3) = 2(1, 000;(1, 001)

j=1

+ 3,000 = 1, 004, 000

Y@ -iH=rt_2-lum+1DCn+1)

i=1

n
i=0 el/n ~1
l_xn+1 .
1+x+x2+~-+x"={1—_x— if x #1
n+1 ifx=1

101

1
] if x #1.

Letf(x)=1+x+x2+”‘+x100=x
Then

fl(x)=1+2x+3x2+---+ 100x*°
_dx -1 100x!" - 101x1% 41
Tdx x—-1 (x — 1)2

92

28.

30.

32.

36.
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1 2 3 n
Lets=§+z+§+~'-+2—n.Then
s_1,2,.3 ., . .. "
2 4 8 16 2ntl
Subtracting these two sums, we get
s_t, r .o ,1_n
2 2 48 on Qe+l

_11-q/2m n

T21-@1/2 2nt!
n+2

- on+l1 '’

=1
Thus s = 2 + (n + 2)/2".

10

3~ (0 — 1* = 10* ~ 0* = 10,000
n=1

%(1__1_)_1_ 1 m+l

Z\i i+1) m 2m+1 m@m+1)

The number of small shaded squares is 1 +2 + --- + n.
Since each has area 1, the total area shaded is Y 1, i.
But this area consists of a large right-angled triangle of
area n?/2 (below the diagonal), and n small triangles
(above the diagonal) each of area 1/2. Equating these
areas, we get

- n? 1 nn+1)

5

I

I
+

N

Fig. 5.1.34

The formula Y7, i = n(n + 1)/2 holds for n = 1, since
it says 1 = 1 in this case. Now assume that it holds for

n = some number k > 1; that is, Y%_ i = k(k + 1)/2.

Then for n = k + 1, we have

k+1 k
Yoi=) itk = k(k; 1)+(k+1) -k DE+2)
i=1

2

i=1

Thus the formula also holds for n = k + 1. By induction,
it holds for all positive integers n.
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38. The formula Y7, ri=! = (/" — 1)/(r = 1) (for r # 1)
holds for n = 1, since it says 1 = 1 in this case. Now

assume that it holds for n = some number k > 1; that is,

Sk ril = % —1)/(r = 1). Then for n = k + 1, we

have

k+1 k k k+1
i-1 i—1 k_r-1 k_r -1
r'— = roo+r=——-—+r =——-.
; Z r—1 r—1

Thus the formula also holds for n = k + 1. By induction,

it holds for all positive integers 7.

40. To show that

i; PP 4P gD
4 9
j=1

we write n copies of the identity
(k4 D* — k* = 4k3 + 6k + 4k + 1,
one for each k from 1 to n:
2 —1* =413 +6(1)2 +4(1) + 1
32t =42° +6(2%+4Q) +1
4* —3* =403 +6(3)2 +4(3) + 1
4+ D* = n* =4n)* + 6()* +4(n) + 1.

Adding the left and right sides of these formulas we get

n n n
+D*—14=4)"j2+6) j>+4) j+n
j=1 j=1 Jj=1

n
. 6 +D@2n+1 4 1
=4Z]3+ n(n ;( n )+ n(n2+ )+n

j=1

Hence,

4y P=@+D'-1-n+ D@ +1)—2nm+1)—n

j=1
=n2(n + 1)

w3

42. Tofind Y7, j*=1"+2"+3"+...
copies of the identity

n*(n 4+ 1)* + 1)2

+ n*, we write n

k+1)7° =k =5k* + 10k> + 10k2 + 5k + 1,

SECTION 5.2 (PAGE 298)

one for each k from 1 to n:

25— 15 = 5(1)* + 10(1)% + 10(1)> +5(1) + 1
35 - 25 = 52)* + 10(2)® + 1022 +5(2) + 1
4535 =53)* +10(3)> +103)> +53) + 1

(n+ 1) —n® =50)* + 10(n)> + 10(n)? + 5(n) + 1.

Adding the left and right sides of these formulas we get

n n n n
n+1°=1=5) j*+10)_2+10)_j>+5) j+n
j=1 j=1 j=1 j=1

Substituting the known formulas for all the sums except
Z};l j*, and solving for this quantity, gives

Z n(n +1D@n+1D)GBn% +3n — 1)
30

Of course we got Maple to do the donkey work!

Section 5.2 Areas as Limits of Sums
(page 298)

2. This is similar to #1; the rectangles now have width
3/n and the ith has height 2(3i/n)+1, the value of 2x+1
at x = 3i/n. The area is

A iim 32 (23 1
= Jim >~ (25

Il
3
I
T
3

i=1
18n(n+1)

im
n—oon? 2

+ 3 =9+ 3 = 12sq. units.

4. This is similar to #1; the rectangles have width
(2 — (=1))/n = 3/n and the ith has height the value of
3x +4 at x = —1 4 (3i/n). The area is

n .
A= lim 3(—3+33+4)
ln n

n—>oo £
=
27 ~. 3
= lim = i+ -n
n—->oon l=l n
. 27n(n+1) 27 33
—nl_l)ngonTT+3 7+3 —sq units.
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SECTION 5.2 (PAGE 298)

6. Divide [0, a] into n equal subintervals of length Ax = d
n

by points x; = ﬁ, (0 <i <n). Then
n

=2 @[(3) ]
= (%)3 giz + %i};(l)

(Use Theorem 1(a) and 1(c).)
a\3 n(n+ 1)(2n +1) a
=(2 +=(n)
n n
a3( + 1)(2n+1)
iz
3

Area = lim S, = “ + asq. units.
n—00 3

YA

y=x2+1 7

Fig. 5.2.8

The region in question lies between x = —1 and x = 1
and is symmetric about the y-axis. We can therefore dou-
ble the area between x = 0 and x = 1. If we divide this
interval into n equal subintervals of width 1/n and use
the distance 0 — (x2 — 1) = 1 — x2 between y =0 and
y = x2 — 1 for the heights of rectangles, we find that the
required area is

"1 i2
A=2,.‘L“;OZ;;(1';5)
i=

n .2
1
=2 lim (— - %)
n— oo i1 n n

i=

(E_ n(n+1)(2n+1)) —a

=2l
oo\ 6n3

n—>0oo

ol &
I
Wi

94

8q. units.

R. A. ADAMS: CALCULUS

10.

Fig. 5.2.10

The height of the region at position x is

— (x%2 = 2x) = 2x — x2. The “base” is an interval of
length 2, so we approximate using n rectangles of width
2/n. The shaded area is

I
T=
i
™

—~
:Nl ®
|
=w| 2:)
~—

- i 8 n(n+1) 8 n(r+1HC2n+1)
Tabeo\n2 T 2 n3 6
=4- g = % sq. units.

S| S

12. Divide [0, b] into n equal subintervals of length Ax =

ib
by points x; = £—, (0 <i <n). Then
n

_ b aem _ b em)
Sn Zn e nZ(e )

i=1 i=1

£(®/n) Z( (b/n))

(Use Thm. 6.1.2(d).)

Z
b
_ Eew/n)&i
n e®/n) — 1
b b/n) eb -1

TRt em 1
b
Letr = —
n

0
Area = llm Sn = (e - 1) 1_1,%14. ¢ r—l—l>r(l)1+ err_ 1 [6]

1 .
= (e? — 1)(1) lim — = e’ — 1sq. units.
r—>0+ e’
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3 3 3
14. Area= lim b [(E) + (2—b) o (.’2) :|
n—o0o pn n n n

b4
lim — (13 +22+3%+... 40
n—->o00 n
bt nlm+1)? b

= nlig)lo pril 2 = qu. units.
y
y=x>
——
b 26 3 (=l nb_,
n n n n n
Fig. 5.2.14
16.
Yy
12
y=2(1-x)
1 X
Fig. 5.2.16
) i
Sp = Z - (1 - ;) represents a sum of areas of n

i=1
rectangles each of width 1/n and having heights equal to
the height to the graph y = 2(1 — x) at the points
x = i/n. Thus lim,_, S, is the area A of the triangle
in the figure above, and therefore has the value 1.

18.

18.

SECTION 5.3 (PAGE 304)

y=2+3x

243 1 3i
Sp = ; v ; ; (2+ n) represents a sum
of areas of n rectangles each of width 1/n and having
heights equal to the height to the graph y = 2 + 3x at
the points x = i/n. Thus lim,_, S, is the area of the
trapezoid in the figure above, and has the value
12+5)/2=1/2.

Section 5.3 The Definite Integral
(page 304)

fx)=x2on[0,4], n=4.
L po = (17 0+ 02+ @ + 01 = 14

Uts R0 = (557 102+ @7 + 3 + @ = 0.

f(x)=Inxon[1,2], n=>5.
2-1 6 7 8 9
L(f,P5)_(T)[lnl+ln§+ln§+ln§+lng]
~ 0.3153168.
2-1 6 7 8 9
={—)|ln-+In=-+In- = 2
U(f, Ps) ( 3 )[n5+n5+n5+ln5+ln]
~ 0.4539462.

f(x) =cosx on [0,2r], n=4.

2 3
L(f, P4) = (T”) [cos % + cos T + cos T + cos 7”] = —7.

2 3
U(f, Py) = <Tn) [cosO+cos% +cos—JT +cos2n] =nm.

2
Ya
y=cos x
/2 14 >
3m/2 2r x
Fig. 5.3.6
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SECTION 5.3 (PAGE 304) R. A. ADAMS: CALCULUS
f(x) =1-=xon [0,2]. P,,={0,,%,%,...,Zi';:—2,€l—”}. 18. P={xg<x)<--<2xa},
We have P=f{xg<xi<--<xj1<x' <xj<-- <X}
Let m; and M; be, respectively, the minimum and max-
L(f, P) = E 1— _2_ +(1- i ot 1= 2_” imun} values of f(x) on the interval [x;_1, x;], for
n n n n 1 <i <n. Then
2 4 & . n
= ;”'n_zi_l’ L(f, P)=Z;mi(xi - Xi-1),
= i
_ 4 n(n+1) 2 0 n
TTTw T TThpToEmrTmee U(f, P) =) Mi(xi = xi-1).

of f(x) on [xj_1,x'], and if m}’ and M]f’ are the corre-

2
2 0 2 2n -2 i=1
U P)==((1-= =)+ 4+ (1- ,
(f: Pu) n (( n) + ( n) o ( n )) If m; and M]’. are the minimum and maximum values
2 43

L Zi sponding values for [x’, x;], then

1= ’

) 4 (n—n 2 o m; = mj, m}'ij, M]{SMJ‘, MJ{ISMJ'.
Tt 2 SpTusrT o Therefore we have
2 mj(xj —xj—1) < mj(x" = xj_1) +mj(xj — x),
Thus fo (1—-x)dx =0. Mj(xj — xj—1) > MJ’.(x’ —xj-1) + M} (xj — x').
. Hence L(f, P) < L(f, P") and U(f, P) > U(f, P').
f@)=e"on[0,3). P,=1{0,28 . 337311 we L o o & d ‘
have (using the result of Exercise 51 (or 52) of Section If P” is any refinement of P we can add the new points

in P” to those in P one at a time, and thus obtain
L(f, P) < L(f, P"), U(f, P") <U(f, P).

6.1)

(eO/n+e3/n + €8/n +m+e3(n—1)/n)
erm—1 33—
e¥n—1 " n@Ed/n-1)
I 3/n 6/n 9/n . 3n/n — 3/n
U B =~ (/" + e 4 ok /M) = LS R ) ,
2. / 3f(x)dx+f 3f(x)dx—/ 2f(x)dx
0 1 0

L(f, Pn) =

Section 5.4 Properties of the Definite Inte-
gral (page 310)

WI|WS|Ww

By I’Hbpital’s Rule,

2
\ 1 —‘/; 3f(x)dx
lim n(*” —1) = lim 1 2
e e 1/n —f(s—mfuwx+f(3+3—2—$faMx
em(=3/m?  3e3n 0 1
gl Sy al 3
+f@—aﬂnw
2
Thus 3
=f fx)dx
. . 3 3 . 0
nll)n;’loL(f,Pn)—nli)ngoU(f: Pn)=e —lz/(; e*dx. 4. f02(3x+1)dx=shaded area:%(1+7)(2)=8
YA

"1 [i—1 1
lim Z— ! =/ Jx dx
n—)00i=1 n n 0

n 2 2. 2
lim —1n(1+—’)=f In(1 + x) dx
n—>ooi=l n n 0

" n "1 U dx
lim — = lim — - =f
n=>o0 T n? +i2 "*”;” L+a/m? Jo 1442 Fig. 5.4.4
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6. [(A—2x)dx=A41—A =0

y=tl —2x

Fig. 5.4.6

0
1
8. [ V2 — x2dx = quarter disk = -7(v/2)? = r
-2 4 2

10. [ (a —Is|)ds = shaded area = 2(}a?) = a®

Fig. 5.4.10
12. Lety=v2x—x2=y’2+@x—-12=1.

2 1 2 4
/ V2x — x2dx = shaded area = -7 (1)* = =.
0 2 2

Fig. 5.4.12

14.

-

3 3 3
/ (2+t)\/9—t2dt=2/ \/9—t2dt+/ tvV9 —t2dt
-3 -3 -3

= 2(%n32> +0=9r

2
16. / V4 — x2dx = area A; in figure above
1

= area sector POQ — area triangle POR

_1 1
= (2% %D¢3

_2r_ V3
3 2
3 3 2
18. /(x2—4)dx=[ dex—/ x2dx —4(3 -2)
2 0 0
_£_23_ 7
3 3 3

2 3 2
20. /(vz—v)dv=2——2—=z
A 3

22.

)

26.

=)

28.

30.

32.

34.

SECTION 5.4 (PAGE 310)

6 6 6
/ x2(2 +sinx)dx = / 2x2dx + / xZsinxdx
—6 —6

—6

6 4
=4f x2dx+0= 3(63)=288
0

41 4 2

/—dt:/ 1dt_[ Lar

2 t 1 ¢ 1 ¢
=In4 —In2 =1n(4/2) =In2

3 3 1/4

/ lds=/ lds—[ lds

1/4 8 1S 1 S
=ln3—ln%=ln3+ln4=ln12

1 b
Average = —— f (x+2)dx
b—alJ,
1

[%(bZ —a®) +20b - a)]

“b—a
1 44+a+b
= - 2:——
2(b+a)+ >
13, 133
A = =--=3
verage 30/, x“dx 33
Average value = ! / ’ lds
g T2-01/2) Jips
2 1 4
Let
_J1+x ifx<0
f(")—{z if x > 0.
Then

2
/ f(x)dx = area(l) + area(2) — area(3)
-3

=2x2)+ i -1@@ =2}

Fig. 5.4.34

3 2 3
36. f |2—x|dx=f (2—x)dx+[ (x —2)dx
0 0 2

2

3
(’2 )
2

2

0

x2
9

=4-2-0+>-6-2+4=

forum.konkur.in
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SECTION 5.4 (PAGE 310)

fos’s[x] dx = shaded area =142+ 1.5 =4.25.

YA
*——o0

y=lx]

Fig. 5.4.38

40.

y- x2—x

T k1

Azé

Fig. 5.4.40

3.2
/‘x xdx
o lx—1|

—=area A; —area A

1+3
= 0- —(1)<1) =

42, /ab(f(x)—f—)dx=/abf(x)dx—/abf_dx

b
=<b—a)f—ff dx
=b-af-G-a)f =0

Section 5.5 The Fundamental Theorem of
Calculus (page 315)

‘16
=3

(o)l

1
2x2
=11(11)=Z

27 \278)7%

4 2
2. / Jxdx = Zx3/2
0 3

0

-1/ 1
|, (;-;a)dx

98

272 x3 1 x
6. /l(ﬁ"z“)d"—(‘x—z‘?)

R

0 dx 1 xo
20. — ——t@nlZ
,/_24+x2 2an 21_

€

1

22. Area=[ —dx =Inx
e X

R. A. ADAMS: CALCULUS

4N |12

=—9/8

1

= [%(9)3/2 - 2«/6] [ @3* - 2f ] = %

/3

/3
[ sec? 0 df = tan6
0 0

27
/ (1 +sinu)du = (u —cosu)
0 0

2
/ (¢* — e *)dx = 0 (odd function, symmetric interval)

T 1 3

“m2 22 2In2

X

X dx = —
[_1 YT 2

-1

172

0

ol

172 gy -
/ ———— =SsIn"_ X
0

V1 —x2

—1 T
= —t H=—
, =0——tan""(—1) 3

2 e2

e
=Ine’ —lne=2—1=1 sq. units.
Y 4

Fig. 5.5.22

24. Since y = 5—2x —3x% = (54 3x)(1 —x), therefore y =0
atx=—3and I, and y > 0if -3 < x < 1. Thus, the

area is

1 1
[(5—2x—3x2)dx=2/ (5 -3x%)dx
-1 0
1

=2(5x — x%)
0

=2(5—1) = 8 sq. units.
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Fig. 5.5.24
26. Since y = xandy = % intersect where /x =
is, at x = 0 and x = 4, thus,
4 4y
Area=[ ﬁdx—/ ~dx
0 0o 2
_25n 2
37y 4o
16 16 4 it
3 7 = 3 59 units
Yy a4
y=vx “@.2)
7 y=x/2
x
Fig. 5.5.26
28. The two graphs intersect at (43, 3), thus
3 3
Area=2f (12 — x%) dx —2/ xdx
0 0
3 3
= 2(12x - lx3) - 2(1 2)
3 0 2 0

=2(36 —9) — 9 =45 sq. units.
4 y=12—x?
Arpa
=lxl B.3)
7 LY
Fig. 5.5.28

0
30. Area= [’ e¥dx=—e*

—a

X
—, that
3 a

=% — 1 sq. units.

32.

34,

36.

38.

40.

SECTION 5.5 (PAGE 315)

' —e*

ANG

=

—a

Fig. 5.5.30

27

27 3
Area = / x71B3 gy = Zx/3
1 2 1

3
— = 12 sq. units.
3 $q. units

3 2
Zn?3 -
2( )

Ay

Fig. 5.5.32
f sgn(x—2) /de /3dx
- I . Z . _5

1 /2 3
Average value = ———— e*dx
& 2= (2 ),

171 4
-:(G*)

2

-2
1 s 6
—12(e —e )
Since
) = 0, if0<t<]l,
8W =11, if1<r<3,

the average value of g(¢) over [0,3] is

17 ! 3 1 3
5[/0 (0)dt+/1 1dt]=§[0+tl]

1 2
==-B-D=-.
3( ) 3
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SECTION 5.5 (PAGE 315) R. A. ADAMS: CALCULUS
2
d , [* sinu 54 i n n n n
42. EXL u du © oo n2+1+n2+4+n2+9+ t o
12 3 x2 : 1 n2 n2 ﬂ2 ﬂ2
sinu 5 d sinu = lim - e —
=2x/0 —;—du+xa A Tdu nlglgon(n2+1+n2+4+n2+9+ +2n2)
12 . . 2
_ 2x/ sing L2 [2x51;1x ] . : ) .
o u x = lim - + o —
12 S. n—oon 1 2 2 2 1+ (n)z
i 1 < z
=2x/ SO® g+ 2x sin(x?) 1+(n) 1+(n) "
= area below y = 72 above y =0,
4 st between x =0 and x =1
“ 2L / LN I 1
db Jing 1—x2 =/ ! zdx=tan_1x =z
d cosé 1 sin6 1 o 1+x 0 4
=d-—9|:/a ——————l_x2dx—/a ——-————l_x2dx] YA
= sin @ cosf 1
T 1—cos26 1-—sin2@ YT
-1 1 ]
= ——— —— = —cscH —secH
sinf cosf
x2
46. H(x) =3x / eV dt .
42 12 | x
* n o n
H((x) =3 / eV dt + 3x(2xe )
4
4 .
Hl(2) — 3/ e—«/; dt + 3(2)(46_2) Flg. 55.54
4
2 _ 24 . .
=30)+28e" = Section 5.6 The Method of Substitution
(page 323)
* 2. cos(ax +b)dx Letu=ax+b
48. =1- t)dt /
rw=1-["fo du = adx
ff@)y=—fx) = fx)=Ce™ =l/cosudu=lsinu+c
1=f0)=C tll a
fx)=e". = —sin(ax + b) + C.

a

4. [ e sin(e®)dx Let u =

* sint i — 9,2
50, 1 Fy = [ 2 dn, then F(o) = 15 and 1 du =26 dx
F(17) =0 i * =§[sinudu=—§cosu+c
1
=—§cos(e2")+C.
o1 1)’ 2\’ 5 i
52. lim —[(l+—) +(l+—) +---+(1+£)] 6. /Smﬁdx Let u = /x
n—>oon n n n ﬁ dx
= area below y = x5, above y = 0, du = —
2./x
between x =1 and x =2
2 2 =2[sinudu=—2cosu+C
=/.x5dx=lx6 =l(26—1)=2—l
1 6 |, 6 2 = —2cos/x + C.

100

forum.konkur.in



10.

12.

14.

16.

18.

20.

www.konkur.in

STUDENT SOLUTIONS MANUAL

/x22"3+1 dx Letu=x3+1

du = 3x%dx
1 1 2#
== | 2du=-"—
3/ “=3ma €
2x3+1
" 32 +C

dx Letu =tanx
du = sec? xdx

sec? x
/m
_ du
V-2

=sin'u+C
= sin_l(tanx) +C.

1
/nTtdt Let u =Int
du=£

1 1
= | udu=-u? = ~(nt)? +C.
/u u 2u +C 2(lnl‘) +C
x+1 2
JZ—T_3dx Letu =x“+2x+3
*rix+ du =2(x + 1) dx
1 1 Ny
= — —_— = = 2
2/ﬁdu Ju+C x2+4+2x+34C

%2
/2+x6dx Let u = x3
du = 3x*dx
_1/ du 1 tan=1 u>+c
T3 2+u2 3,2 V2
1

= ?’—ﬁtan_l (f/—;) +C.

dx e*dx
/e"+e—x =_/e21+1 Let u = &*
du = e* dx
— du — tan~! c
- u2+1—an ut
=tan"!e* + C.
x+1 d
—dx
V1 —x2
xdx +/ dx Let 1 2
= etu=1—x
) — 2
V1 —x V1 —x du = —2x dx

in the first integral only
1 rd
=_§/~/_uﬁ+sin—1x=_\/ﬁ+sin_lx+C

=—vV1—x2+sin"'x+C.

22.

24,

26.

28.

30.

32.

SECTION 5.6 (PAGE 323)

/‘ dx _ dx
Vit —x2  5-(1—x)?

du = —dx
du ~-1(“)
=— | —— = —sin — ]+C
/VS—uz NG
1—x x—1
. -1 c—1
= —sin + C = sin ( >+C.
(ﬁ) V&

/ sin* f cos® ¢ dt

= / sin"t(l — sin? t)2 costdt Letu =sint

du = costdt
5 7 9
4 6 8 u 2u u
= -2 dy=——-——+—+C
/(u u’> +u°)du 5 = + 9 +
1 2 1
=§sin5t—7sin7t+§sin9t+c.

. 2 2
[sinzxcoszxdx=[(smzx) dx

%/‘ 1—cos4xd x sin4x+c‘

2 S TEY)

2 2
/cos“xdx:f-[—l—t-w:&)]—dx

= % / [1 + 2cos(2x) + cos?(2x)1dx

_x  sin(2x) 1 /
=7 + 7 + 3 1+ cos(4x)dx
_x  sin(2x) x| sin(4x)
4 4 8 32 +C
3x  sin(2x) = sin(4x)
T8 4 2 TC
/ sec® x tan? x dx

=/sec2xtan2x(1+tan2x)2dx Let u =tanx
du = sec? x dx
1 2 1
=[(u2+2u4+u6)du=—u3+—u5+—u7+C
3 5 7
1 2 1
=§tan3x+§tan5x+7tan7x+c.

/ sin™?3xcos®xdx Let u =sinx
du = cosxdx

1—u? 3

3
=3sin!Px — 7sin7/3x+C.

forum.konkur.in
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SECTION 5.6 (PAGE 323)

34.

Let u = sin(Iln x)
cos(ln x)
du = ———dx

/ sin®(Inx) cos®(In x) J

X

1 1

3 2 4 6

= 1- =yt - =
/u( u“)du u 6u +C

1 1
=7 sin*(lnx) — p sin®(Inx) + C.

36. /sm X dx _/tan3xsecxdx

cos* x
/(sec x—1)secxtanxdx Letu =secx
du = secxtanx dx
=/(u2—1)du=%u3—u+c

= %scc3x—secx+c.

4
38. / C?S al dx = [ cot* x csc? x dx

sin8 x

= [cot"x(l +cot2x) csc?xdx Letu = cotx
du = —csc? x dx

5 7

4 2 u u

- — 1 dy = —— — =
[u(+u)u 3 7+C

1 1
= —gcot5x— 7cot7x+C.

Ve o
40. / sin(rr In x) dx
1

X

Letu =mInx
e
du = —dx
x

1 1 /2
=—/ sinudu = ——cosu

1
——Llo-pn=1L
b4 b4

m
42, f sin’® x dx
/4

T
= (1- coszx)2 sinxdx Letu =cosx

/4 du = —sinxdx

-1 2 1/4/2
=—/ (1—2uz+u4)du=u——u3+—u5
1/42 3 5

-1

_L_L+_1__(_1+2 1)_ 3 L
V2 O3W/2 202 3 5) 60v2 15

72/9 2smf
44. / 2T cos x dx Let u =sin/x
72/16 \/;

cos o/x
du =
u W3 dx
3/2
= Zfﬁ/zzu du = _2(2") =
V2 In2 |, »3
(2«/_/2 21/«/5)'
ln2
102

46.

48.

50.

R. A. ADAMS: CALCULUS

Area = [ ————dx Letu=x2+16
x2+ 16
du =2xdx

1 204y 1 0
=-| Z__;
2[16 w 2

1 1 5
= z(ln 20—1In16) = 3 In (Z) $q. units.

16

The area bounded by the ellipse (x%/a%) + (y2/b2) =1is

/ 1——dx Let x =au
dx = adu

=4ab/ V1 —u?du.
0

The integral is the area of a quarter circle of radius 1.
Hence

7(1)?

Area = 4ab ( ) = mab sq. units.

We have

cosaxcosbxdx
1
=3 f [cos(ax — bx) + cos(ax + bx)]dx

= % /cos[(a —b)xldx + % /cos[(a + b)x]dx

Let u = (a — b)x, du = (a — b) dx in the first integral;
let v=(a + b)x, dv = (a + b)dx in the second integral.

= ! /cosudu+ ! /cosvdv
" 2(a—b) 2(a+b)

_ l sin[(a — b)x]  sin[(a + b)x]
_2{ (a—»b) (@a+b) ]+C'
/ sinax sinbx dx

= % /[cos(ax — bx) — cos(ax + bx)]dx

_ 1 sin[(a — b)x] _ sin[(a + b)x]
"2[ @=b @+h ]+C'

/ sinax cos bx dx

= % /[sin(ax + bx) + sin(ax — bx)]dx

= %[[ sin[(a + b)x]1dx + [ sin[(a — b)x]dx]
_ 1 [cos[(a +b)x] cos[(a — b)x]

2l (a+b) (a —b) ]+C'
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52. If 1 <m <k, we have

By the previous exercise, all the integrals on the right
side are zero except the one in the first sum having
n = m. Thus the whole right side reduces to

T 771
an [ costmydx =ap [ LEOED 4,

o o 2

= %’"(271 +0) = 7apn.

Thus

1 T
am = — f(x)cosmxdx.
T J-x

A similar argument shows that

1 T
by = —[ fx)sinmxdx.
T J-n

For m = 0 we have

b4

f(x)cosmxdx = nf(x)dx

ao T
= — d
2/_,, *
k

+ Z (an cos(nx) + by, sin(nx)) dx
n=1
= %9-(271) +0+0=apr,

-7

so the formula for a,, holds for m = 0 also.

Section 5.7 Areas of Plane Regions
(page 327)

1
2. AreaofR=[ (Wx —x¥)dx
0

1
(23 13\ _2 1 1 .
—(3x 3x =37373 $q. units.

0

SECTION 5.7 (PAGE 327)

Fig. 572

For intersections:
¥ —2x=6x—x2=2x2—8x=0
ie., x =0or 4.

4
Area of R = f [6x g p—— —2x)] dx
0

4
= / (8x — 2x%) dx
0

=(4x2 - gx3 ) = 6—4 sq. units
= 3 "3 q. .
74 y=6x—x2
4.8
R
y=x2—2x
Fig. 5.7.4

For intersections:
T+y=2y’—y+3=2y>-2y—-4=0
20 -2)(y+1)=0= ie,y=—-lor2.

2
AreaofR=[ [ +7y) = @Y% — y+3)]dy
-1
2
=2/ C+y—yHdy
-1

1, 1.,
=2(2y+ =y - =
(y+2y 3y)

2

=9 sq. units.
-1
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1
8. 4 Shaded area =/ (% = x%)dx
0
1
1 1 1
= (53&'3 - Z.XA) . = E sq. units.
Yy A

Fig. 5.7.8

10. For intersections:
Y¥=2y"—y-22y-y-2=0
=2+ 1)=0= ie., y=—1or2.

2
Area of R =/ [yz— (2y2—y—2)]dy
-1
2 1 1 2
=/ R2+y—ydy= (2y+ =y? - —y3)
. 27 73

= = $q. units.
3 q

-1

4.2)

x=2y%—y—2
ﬁ e=y?

(1,-1)

=y

Fig. 5.7.10

104
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1
12.  Area of shaded region = 2 / [ =x3)—@&?=1)%dx
0

o4 13 15 ' 4 .
=2./0 x“—x )dx=2(§x —gx ) 0=E $g. units.
Y A
y=(x2-1)2
4
Fig. 5.7.12
14. For intersections:
4
=1’ —4x+3=0
34+ x
i.e., x =1or 3.
3 4
Shaded area = [ X _qlax
1 L3+x2
3
=[R2In(B+ xz) —x]| =2In3 —2 sq. units.
1
y4
_ 4
V=352
O s y=1
14,1 3,1)
x
Fig. 5.7.14
T
16. Area A = / (siny — (y2 — 72))dy
-7
_ ( 2 }’3) i _ A4n? .
=|—cosy+ny— — = —— $q. umts.
3/, 3

Fig. 5.7.16
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/2

18. Area =/ (1 —sin® x) dx

—/2
/2
) / 14cos@y) ,
0 2

_ (x + sin(22x))

/2

= — 8(q. units.
0 2 M
y

Fig. 5.7.18

/4
20. Area A =2 / (cos? x — sin® x) dx
0

n/4 n/4
=2 / cos(2x) dx = sin(2x) =1 sq. units.
0 0

y

y=cos? x

Fig. 5.7.20

22. For intersections: x!/3 = tan(rx/4). Thus x = +1.
1 1/3 X
x/7 —tan T) dx

1
§x"/3 — ilnlsec ﬂ‘
4 T 4 0

8 3 4
——Inv/2=2—-—"In2 $g. units.
2 7

y=sin® x 24.

26.

SECTION 5.7

1L

y=tan(m x/4)

(PAGE 327)

1 X

y=x!

Fig. 5.7.22

For intersections: |x| = ~/2cos(x /4). Thus x = £1.

Area A =2/(;1 («/Ecoszf-—x) dx

=f{—SIn— — X
kL4 4

0

= — — 1 sq. units.
T

y=+2cos 114__):

I

y=Ix| |

I x
Fig. 5.7.24

For intersections: e* = x + 2. There are two roots, both
of which must be found numerically. We used a TI-85
solve routine to get x; &~ —1.841406 and x» &~ 1.146193.
Thus

x2
Area A =f (x+2—¢€")dx
X

1

2
= (x— +2x —e")
2 X

~ 1.949091 sq. units.

X2
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222 ¥ xdx Letu?=2+x

2udu = dx
V) V)
=2 / W? —2%uu)du =4 / W® — 4u® + 4Py du
0 0

0
28. Loop area =2 /
)

=4 lu7 — iu5 + iu3 v = 256v2 $q. units
=7t T T, T s TR
Yy 4
-2 A
x
y2=x4(2+x)
Fig. 5.7.28

30. The tangent line to y = x3 at (1,1) is y—1 = 3(x—1), or
y = 3x — 2. The intersections of y = x3 and this tangent
line occur where x3 — 3x +2 = 0. Of course x = 1
is a (double) root of this cubic equation, which therefore
factors to (x — 1)%(x + 2) = 0. The other intersection is
at x = —2. Thus

1
Area ofR=[ @3 =3x+2)dx
-2

4 1
x 3x2
=———+42
(4 2 +")

-2

15 3 27
=—— = 24+4=—
72 +6+2+4 $q. units.

y ‘/

A1

X

y=3x-2
(=2,-8)
Fig. 5.7.30

Review Exercises 5 (page 328)
2. The number of balls is

0><30+39x29+--'+12><2+llxl

—Zz( +10) = (30)(31)(61) 0826 _ 1, 105,

106

10.

12.

14.

16.

18.

R. A. ADAMS: CALCULUS

R, =Y7 (1/n)/T+(@i/n) is a Riemann sum for
f(x) =+/1+ x on the interval [0, 1]. Thus

1
lim R,,=/ 1+ xdx
n—oo 0

' 422
0 3 '

2
=30 +x)*?

V&
/ V5 — x2dx = 1/4 of the area of a circle of radius /5
0

r(W5)? = 242

_1
T4
Jo cosxdx =area A; — area A2 =0

y

— y=cos x
R .
y x

-

Fig. R-5.8
13 15 5
h=§[ |x—2|dx=§§ E(Vla#9)
sinx
f&x) = \/1+t2dt f'(x) = V1 + sin? x(cos x)

£cosf

46) = f .
esme

g'(0) = (In(€**?))e® % (— sinh) — (In(e"?))es™? cos
= —sin@ cosf(eS? + ¢5in?)

Inxdx

b4
I=[ xf(sinx)dx Letx=mw—u
0 dx = —du

0
=—/ (r — u) f(sin(r — u))du (but sin(w — u) = sinu)
=ﬂ/” f(sinu)du—[ﬂ uf(sinu)du
0 0
=Jr[nf(sinx)dx—l.
0

Now, solving for I, we get

/ﬂ xf(sinx)dx =1 = f/” f(sinx)dx.
0 2 Jo

The area bounded by y = (x —1)2, y =0, and x = 0 is

/ (x —1?dx

N 1)3

= — sq. units..
O 3
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y =4x —x? and y = 3 meet where x2 — 4x + 3 = 0, that

is,at x =1 and x = 3. Since 4x — x? > 3 on [, 3], the
required area is
3 3 34
/ (4x —x? = 3)dx = (2)c2 ~I 3x> = = sq. units.
1 3 1 3
y =5—x? and y = 4/x% meet where 5 — x2 = 4/x2, that
is, where
x*=5x24+4=0
-DE?-4=0.
There are four intersections: x = +1 and x = +2. By
symmetry (see the figure) the total area bounded by the
curves is
2 4 34\ 4
2]; (S-xz-;2-> dx=2(5x-—%+;) l=§ sqg. units.
4
Y4 = —
y 2
I

Fig. R-5.22
e
lnTx dx Letu=Inx
! du = dx/x
1 291
u 1
= du = — = —
./o udu 20~ 2
f sin® (mx)dx

Let u = cos(rx)
du = —m sin(mwx) dx

= /sin(nx)(l — cosz(nx)) dx

=-lf(1—u2)du

b4
1 [(ud 1 5 1
_;(?—u)+c_-§;cos (nx)—;cos(nx)+C

28.

30.

32.

34.

CHALLENGING PROBLEMS 5 (PAGE 329)

Ve tan2(r 1
f wd}c Letu=mlnx
! o du = (/x)dx
n/4 /4
=lf tanzudu=-l—/ (sec’>u — 1)du
T Jo T Jo
1 S T
= —(tanu — u) =—— =
4 0 T 4

1 2
fcoszgsinzgdt = Z/sinzgtdt
1 4t
== 1- — ) dt
2 ( COSS)

1 5. 4
=§(t-281ng)+c

fx) =4x —x2 > 0if0 < x < 4,and f(x) <O
otherwise. If a < b, then fab f(x)dx will be maximum if
[a, b] = [0, 4]; extending the interval to the left of O or to
the right of 4 will introduce negative contributions to the
integral. The maximum value is

4 x3
/ (4x — x*) dx = (2x2 - —)
o 3

4

o 3

If y(z) is the distance the object falls in ¢ seconds from
its release time, then

y't)=g, y0) =0, andy'(0)=0.

Antidifferentiating twice and using the initial conditions
leads to

1 5
t) = =gt°.
y(® 28
The average height during the time interval [0, T'] is

T T3 T2 T
lf lgtzdt=i—=—g =y|l—}.
T )y 2 2T 3 6 NE)

Challenging Problems 5 (page 329)

a) cos((j + %)t) - cos((j - %)t)
= cos(jit) cos(3) — sin(jt) sin(37)
— cos(jt) cos(%t) — sin(jt) sin(%t)

= —2sin(jt) sin(32).
Therefore, we obtain a telescoping sum:
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z": sin(jt)
j=1

= —2_sinl_(l_t_) [cos((n + %)t) - cos(%t)]
2

= rml(_l—ti [cos(%t) - cos((n + %)t)] .
2

b) Let P, = {0, &, 3%, 3Z . 2T} be the partition of
[0, /2] into n subintervals of equal length
Ax = m/2n. Using t = m/2n in the formula ob-
tained in part (a), we get

/2
/ sinx dx
0
- jo\ m
- & I\ T
nggQZsm ( 2n ) 2n
_ b4 ( B (2n + l)n)

nl—>oo 2n 2sin(/(4n)) sm(n/ (4n)) 4n
_w/@n) ( J@nt 1)n>
COs — — CO

™ n—>o0 sin(w/(4n)) LN 4n
=1x (cosO—cosE) 1.

4, f(x) = 1/x2,1=xo <X <x2<--<x,=21If
c; = /xXi—1Xi, then

2 2 2
X1 < Xi=1Xi = ¢; < Xj,

SO Xj—1 < ¢; < x;. We have

n n
; fle) Axi = ; oy )
= Xn: (—-1— — —1—> (telescoping)
= \Xi-1 X
Lot 1.1
X0 X 2 2

2 dx 2 1
Thus 2 =n1_l>ﬂgoz;f(ci) Ax; = 7
=

6. Let f(x) = ax® + bx? + cx + d. We used Maple to
calculate the following:

The tangent to y = f(x) at P = (p, f(p)) has equation

y=gx)= ap3 +bp2 +cp+d+(3ap2 +2bp +c¢)(x — p).

108

R. A. ADAMS: CALCULUS

This line intersects y = f(x) at x = p (double root) and
at x = q, where

2ap+b
—
Similarly, the tangent to y = f(x) at x = g has equation

y = h(x) = ag® + bq® + cq+d + (3aq® +2bq +c)(x — q),

and intersects y = f(x) at x = g (double root) and
x = r, where

2aq+b 4ap+b
a  a

The area between y = f(x) and the tangent line at P is
the absolute value of

q
[ e - swax
14
1 (81a4 p* +108a%bp? + 54a2b?p? + 12ab%p + b4)

12 a3

The area between y = f(x) and the tangent line at
Q = (g, f(g)) is the absolute value of

,
[ @ -heras

q
4 (81a4 p* +108a%bp? + 54a%b% p? + 12ab®p + b4>

3 a3

which is 16 times the area between y = f(x) and the
tangent at P.

Let f(x) = ax* + bx® + cx? 4+ dx + e. The tangent to
= f(x) at P = (p, f(p)) has equation

y=gkx) = ap“+bp3 +cp2+dp+e+(4ap3+3bp2+2cp+d)(x—p)

and intersects y = f(x) at x = p (double root) and at the
two points

_ —2ap — b+ \/b?> — 4ac — 4abp — 8a2p?
- 2a

If these latter two points coincide, then the tangent is a
“double tangent.” This happens if

84 p? + 4abp + dac — b*> =0,

which has two solutions, which we take to be p and g:

_ —b++/3b? —8ac
_ 3b2 — 8ac _ b
- 4a - 2a°
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(Both roots exist and are distinct provided 36% > 8ac.) Maple calculates these two integrals and simplifies
The point T corresponds to x =t = (p + q)/2 = —b/4a. the ratio A1/A; to be 1/+/2.

The tangent to y = f(x) at x = ¢ has equation . . .
b) The two inflection points A and B of f have x-

3p? b2c  bd B3 be b coordinates shown by Maple to be
h - 4 - = - _ = =
Y=h) = e T T6 T aa +(8a2 2a+d> ("+ )
_ =3b —/3(3b* — 8ac) and
and it intersects y = f(x) at the points U and V with *= 12a
x-coordinates P —3b + /332 — 8ac)
- 12a '
v —b — v/2/3b% = 8ac
4a ' It then determines the four points of intersection of
—b + /24362 = 8ac the line y = k(x) through these inflection points and

v= 4a the curve. The other two points have x-coordinates

—3b — /15(3b2 — 8ac)
r = 124 and
_ —3b+ /156382 — 8a0)
12a ’

The region bounded by RS and the curve y = f(x)
is divided into three parts by A and B. The areas of
these three regions are the absolute values of

A= f k() — f(x)dx

P

B
Ay = / (f (x) — k(x)) dx

Fig. C-5.8 A3 = f'g (k(x) = f(x))dx.

a) The areas between the curve y = f(x) and the lines

PQ and UV are, respectively, the absolute values of The expressions calculated by Maple for k(x) and

for these three areas are very complicated, but Maple
q v simplifies the rations A3/A; and Ay/A; to 1 and 2
Al = f (f(x)—g(x))dx and Ay = / (h(x)—f(x))dx. respectively, as was to be shown.
p u

109

forum.konkur.in



www.konkur.in

SECTION 6.1 (PAGE 336)

CHAPTER 6. TECHNIQUES OF INTE-
GRATION

Section 6.1 Integration by Parts

(page 336)
f(x +3)e* dx
U=x+3 dV =e*dx
dU = dx V= fe*

1 1
=—(x+ 3)e? ) / e dx

Ll N

1
= = (x + 3)e* 4ez"+C.

N

f (x% — 2x)e"* dx

U=x?-2 dV = ek*

=@x-2dx y=lm

;e
1
—(x —2x)ek* — = / (2x — 2)e* dx
U=x-1 dV =ée"dx
dU = dx V= %ekx

1 2[1
= E(xz —2x)e* — ;[;(x — e — %/ek" dx]

1 2 2
= %(x2 —2x)e** — G- ek + k—3e"x +cC.
fx(ln x)3 dx = I3 where
I, = /x(lnx)" dx
U = (Inx)" dV =xdx

dU = z(lnx)”—1 dx V= 1x2
x 2
1
= Exz(ln x)" - g‘/x(lnx)"_1 dx

1
= —x?(lnx)"* — %I,,_l

2
1
L= —2-x2(lnx)3 - %12
31 2
2 x*(Inx)” — 2[2x (Inx) 2[1]
_lo 3 3o, o 31, 1
=% 2(In x) 7* (Inx)* + 2[2x (Inx) 210
=] 33, 2, 3, 3
= 5% x*(Inx) i (Inx)" + i (Inx) fodx
2 3
%[(lnxﬁ - -2-(lnx)2 + = (lnx) — é] +C.

110
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8. ‘/‘xztan_1 xdx
U=tanlx dV =x2dx
dx x3

dUu = —— =
1+ x2 V_3

3 3
X —1 1 X
= — tan _— —d
3 * 3/1+x2 *

3
x _1 1 x

= —tan - = -——)d
3 * 3f(x 1+x2>x

3 2 1
%-tan_lx-%+€ln(l+x2)+c.

10. f e dx = I, where

I, =/x(2n+l)e—x2 dx

U=x* dV = xe™* dx
AU =2nx®@Ddx vV =-le¥

= -%xzne"‘ +nf)c(2"—1)e'_"2 dx

1
= —Exz"e_"2 +nl,_;

1 1
I = —E)c“e_"2 + 2[— —2-x2e'_’|r2 + fxe"‘2 dx]

1
= -Ee-xz x*+2x24+2)+C.

12. I =ftan2x secxdx
U =tanx dV =secx tanxdx
dU =sec’xdx V =secx

=secx tanx —/sec3xdx

=secx tanx — f(l +tan2x) secxdx

=secx tanx — In|secx + tanx| — [
Thus, I = %secx tanx — %1n|secx+tanx| + C.

14. I=[xe'dx Letx=uw?
dx =2wdw

= Zf w3e” dw = 213 where

I, =fw”e"’dw
U=uw" dV =e¥dw

dU =nw"ldw V=e¢¥
=w"e” —nl,_;.

I =213 = 2w3e¥ — 6[w?e® — 2(we® — Ip)]
= eV (2x/% — 6x + 12/% — 12) + C.
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1
16. f Jxsin(r/x)dx Let x = w?
0
dx =2wdw

1
=2 / w? sin(rw) dw
0

U = w? dV = sin(rw)dw
aU =2wdw , _ __cos(rw)
b4

1 1
2, 4
= ——w“cos(mrw)| + — wcos(rw)dw
w 0 T Jo

U=w dV =cos(rw)dw

dU = dw V= sin(nw)
4
1
2 4 4 r!
==+ -—[E sin(nw)] - —2/ sin(rw) dw
k14 Tl o T°Jo
1
2 4
= = + — cos(rw) =-%+—4§(—2)=‘2"‘
b4 4 0 4 4 w

18. fxsinzxdx= %/(x—xcost)dx

_x2 1] 25 d
=7 2xcosxx

U=x dV =cos2xdx
dU =dx V=%sin2x

2
x fr . 1 .
T —E[Exsm2 - zfstxdx]
4

N

X

X 1
=— — —sin2x — — 2 .
4smx 8cos x + C

20. I=f sin(lnx) dx
1

U =ssin(Inx) dV =dx
AU = cos(Inx) i V=x

e

e
- / cos(lnx)dx
1 1

U = cos(Inx) dV =dx
dU = __sin(Inx) dx V=<
x

e
+I]
1

Thus, I = %[e sin(1) — ecos(1) + 1].

= x sin(In x)

= esin(l) — [x cos(Inx)

SECTION 6.1 (PAGE 336)

4
22. / JxeV* dx Let x = w?
0 dx =2wdw

2
= 2/ w?e? dw = 21,
0

See solution #16 for the formula
I = [w"e¥dw = w"e” —nl,_1.

2
-

2
=8e2-8e2+4/ e?dw = 4(e* - 1).
0

2
= 2(w2e"’
0

- 211) =82 — 4(we"’

24. f xsec xdx

U=sec lx dV =xdx
dx 1 2
dU=———— V=—x
Ix|vx2 = 1 2
1, 1 x|
—Ex sec x—E mdx

1
xZsec™lx — 7580 x)Vx2-1+C.

26. / (sin"'x)%2dx Let x =sin6
dx = cosf db

N =

=/020050d0

U =62 dV = cos6 db
dU =20d9 V =sinb

=62sing —2f0$in0d0
U=6 dV =sinbdb

dU=d6 V = —cosf
= 6%sin6 — 2(—6 cos6 + f cos 6 d6)
= 6%sin6 + 26 cosf — 2sin6 + C
= x(sin™" x)% +2v/1 — x2(sin"" x) — 2x + C.

28. By the procedure used in Example 4 of Section 7.1,
fe" cosxdx = %e"(sinx +cosx) +C;

/e" sinx dx = %e‘(sinx —cosx)+C.
Now

/xe" cosx dx
U=x dV =e"cosxdx
dU =dx V= %e"(sinx + cos x)
= Jxe*(sin+cosx) — %/e"(sinx +cosx)dx
= %xe" (sin + cos x)

— le*(sinx — cosx + sinx + cosx) + C

= Jxe*(sinx + cosx) — Je* sinx + C.
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30. The tangent linetoy = Inx atx = lisy = x — 1,

Hence,

Shaded area = %(1)(1) + (1)(e-2)— fe Inxdx
1

e

3
=e—§--(xln)c—x)1

—e—§ e+e+0—-1=¢ 5s nits.
2 2 %4

Fig. 6.1.30
/2
32. I, =/ x"sinx dx
0
U=x" dV =sinxdx
dU =nx""ldx V =—cosx
/2 /2
= —x"cosx + nf x"cosxdx
0 0
U xn-1 dV=c0sxdx
=0n—-1Dx"2dx =sinx
/2 7!/2
= n[x"‘1 sinx n— l)f x"7 smxdx]
-1
=n (%)n —nn—-11I,_7, (n>2).

/2
=1.
0

I6=6(%)5-6(5)[4( ) —4(3)[ ( )- 2(1)10]}

= 13—67:5 — 1573 + 3607 — 720.

34. We have

/2
Io=f sinxdx = —cosx
0

I, =fsec”xdx (n>3)

U =sec" 2x dV = sec? xdx
dU = (n—2)sec"2xtanxdx V =tanx

=sec" % x tanx — (n — 2) f sec” 2 x tan® xdx

=sec" % x tanx — (n — 2) / sec” 2 x(sec?x — 1) dx

=sec" %x tanx — (n —2)I, + (n — )1, + C

112
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1

-2
I, = (sec” % x tanx) + " I,_,+C.
1 n-—1
L = fsecxdx =In|secx +tanx| + C;
I = /seczxdx =tanx + C.
1 4/1 2
Is = g(sec"x tanx) + §(§ sec?x tanx + 312) +C

—--1sec4 tan +4sec2xtanx+8tanx+C
TSt Ig 15 :

6 6|4
3 lsc.acxtanx+1 +C
4\2 2

—ls 5xtnx+ 5 sec3xtanx+Esecxtanx+
S rEnrT S 48

1 571
I = —(secsx tanx) + —[— sec’ x tanx+

15
Z—S-lnlsecx +tanx| + C.

36. Given that f(a) = f(b) =

b
/ (x — a)(b — x)f"(x) dx

=(x-a)b-x)
=((b+a-2x)dx

dV = f"(x)dx
V= f'x)

b b
= —a)b - )| - f (b+a—2x)f'(x) dx

U=b+a-2x dV = f'(x)dx
dU = —2dx V= f(x)

b b
+2f f(x)dx]

=0- [(b+a—2x)f(x)

b
= —2/ f(x)dx.

/2
38. I,= / cos” x dx.
0

a) For 0 < x <m/2 we have 0 < cosx < 1, and so
0 < cos?"t2 x < cos?t1 x < cos? x. Therefore

0 < Ipyz < Ipy1 < Do,

-1 2n+1
b) Since I, = n I,—2, we have I, 47 = i12,,.
2n+2
Combining this with part (a), we get
2n+1_ bata _ Donn <1

2n+2 " Iy Ly,

The left side approaches 1 as n — 00, so, by the
Squeeze Theorem,

. Dpp
lim -2+
n—>o0o I,

=1.
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c) By Example 6 we have, since 2n + 1 is odd and 2n
is even,

; M -2 42
=0l 2m—1 53
2n—1 2n-3 3 1 =
Iy = L DL . i

Multiplying the expression for I,+1 by 7 /2 and
dividing by the expression for I5,, we obtain, by
part (b),

.o 2n+1 2n—-1 5 3 2 T _T
Ao —1 =3 3 1 = -2 =7
2n 2n—-2 4 2 2
or, rearranging the factors on the left
2 2 4 4 2n 2n /4

2n—1 2n+1 E

Section 6.2 Integrals of Rational Functions
(page 345)

1
ix ---Zln|5-4x|+C.

dx
2 fs_
x2 16
4, /x_4dx=‘/(x+4+m>dx

%2
= 7+4x+16ln|x—4|+C.

1 A B
5= Bz Hix

(A+B)f+(A B)x
5—x2

1
A+B=—
{A B=0 25

/5_:115 2ff(5xf+x>

= m(—lnlx/g—x|+ln|x/§+xl)+C

LI
T 25

+C

f

SECTION 6.2 (PAGE 345)

g I _ A B
: b2 —a?x2 " b—ax b+ax
_ (A+B)b+(A— Blax
b2 — a2x2
1
A=B=
= 2
/ dx _1f S N O
b2 —a2x2 " 2 b—ax b+ax
1 /[—=In|b— In|b
=_( n| ax|+ n| +ax|>+c
2b a a
1 b+ax
_mmlb—ax
X A B
10. =
0 3x24+8x—3 3x—1+x+3
_ (A+3B)x+(BA—B)
- 3x2+8x -3
A+3B=1 1 __1
=>[3A B= 0=>A 10’ 10°
f xdx L3 3 )dx
3x24+8x—3 10 x—l x+3
3
= — -1 —1 3|+ C.
30ln|3x |+10 n|x + 3| +
12. 1 A Bx+C

B+9%x  x @ X249
Ax +9A + Bx2+Cx
x3 4+ 9x

[A+B 0

1
94 =1 ?
d
x3+9x 9/( x2+9) *

lnlxl————ln(x +9)+ K.

X X
. —_— _dx = [
14 f2+6x+9x2 * f(3x+1)2+l

o[ ion=s [ w
o) w1 o u2+1

=——-ln(u +1)——tan lu+cC

1
-, C=0.
9

d =3dx

9] 2+1

= ﬁ1n(2+6x+9x2)— —tan_1(3x+1)+C.

16. First divide to obtain

B34+1 37x +85
2+ix+12 0 T D +3)
37x+8 A B
(x+4)(x+3)"x+4+x+3
(A+ B)x +3A+4B
T Xyt 12

A+B=37 B .
34+ 4B =85 = A =63 B=-26.

113
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Now we have

/‘ 3 +1 dx
12 4+ 7x + x2

2

= 52- —7x +63In|x + 4|

63 26
= -7 -
f(x +x+4 x+3)dx

—26In|x + 3| + C.

18. The partial fraction decomposition is

1 _ A B Cx+D
x4-a4_x-—a x+a x2+4a?
A(x +ax?+a x+a3)+B(x —ax? 4+ a%x —a?)
x* —at
C(x —a x)+D(x —a?
A — 4
A+B+C=0
N aA—-aB+ D=0
a’A+a*B-d’C=0
a3A—a3B—a2D—1
=>A=$, B=_4a3’ C=0, D=-74117'

f dx 1] 1 1 2a dx
x4 —a* " 4a3 x—a x+a x2+4a?

1 x—a 1 1(%
=—In|—2| - —tan ! (Z) +K.
4a3nx+a 2a3 (a)+
20. Here the expansion is
1 A Bx+C
B+2x2+2x  x  x242x+42
A(x +2x+2)+Bx2+Cx
x34+2x2 42
A+B=0 1
2A+C=0=>A=—B=§, C=-1,
2A =1
so we have
/‘ dx _ fdx /‘ x+2
¥r22+2x 2 x 2 x2+2x+2
Letu=x+1
du_dx

= Loy - f““
2 2 241
1 1
Elnlxl-—ln(u +1)—§tan u+ K

1 1 1
= Elnlxl —Zln(x +2x +2) — Etan_l(x+1)+K.

114
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22. Here the expansion is

x2+1_ A Bx+C
B3+8 x+2 —2x+4
A(x —2x+4)+B(x +2x)+C(x+2)
x3+8
A+B=1
5 7 1
4A+M+C=O¢A=I§B=E,C=—?
4A+2C =1
so we have
/x2+1dx_5 ax_ 1 -4
B+8 0 12) x+2 12) x-1D24+3
Letu=x-1
du =dx
5 1 [Tu+3
—Eln|x+2|+5/;—2+—3
7
=15—21n|x+2|+2—41n(x2-—2x+4)
1 _l.x‘-l
+ ——tan + K.
43 V3
24. The expansion is
x2 _A B _C D
x2-DEx2-4 x—-1 x+1 x-2 x+2
x2 1 1
A=l' = —ad
A G DI =4 2(-3) 6
B i x2 1 1
= m = = —
- G—Dx2—4 —2(=3) 6
x2 4 1
C=. —_—_— = =
I T De+2) 3@ 3
x2 4 1
D = lim = —=—.
p%zu%-nu—z) 3(-4) 3
Therefore
x2 1 1
— = dx=—ZInjx-1]+ =1 1
Yy x 6n|x |+6n|x+ |+

1 1
51n|x—2|—§ln|x+2|+K
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26. We have 30.

f t = D@~ 1)?

—/ dt Letu=1¢t-1
t—1D3@¢ +1)2 e di
_ du
- wat 32
1 A B C D E
Sar s e2tet i T ury
_ AW + 43 + 44%) + B + 4u? + 4u)
- u3(u +2)?
Cu? +4u+4) + D@w* + 243 + Eu
ud(u +2)?
A+D=0
4A+B+2D+E=0
= 14A+4B+C=0
4B+4C =0
€5 1 1 3 1
=>A=E,B=—Z,C=Z,D=—I—6-,E=-§
du
[ 2.
_3 du 1 du 1 [du
=1 7"zf:ﬁ+zfu—s
3 du 1 du
“16) w2 8) w+r2)?
1 1
I T Rbrvowy sl vom v A
—3—ln|t+1|+ ! +
16 8¢t +1)
4.
28. fﬁm Let u = sin@
du = cos0 db
_f(l—uz)(1+u)_/(l—u)(1+u)2
1 A B c
(1——u)(1+u)2—1—u+1+u A+ u)?
_ A0 +2u+u®)+BA-u?)+C(1—uw)
- (1 —w(d +u)?
A-B=0 1 1 1 6.
’2A-—C=0 =>A=Z,B=Z,C=§.
A+B+C=1
du
/(l—u)(1+u)2
1 du
== —+-
4/1—u /1+u _/(1+u)2
=ln’1+sin9 +C.
4 1 —siné 2(1 + sm0)

SECTION 6.3 (PAGE 352)

Since (x* — 16)* = (x — 2)?(x + 2)2(x2 + 4)2, and the
numerator has degree less than the denominator, we have

123-—x7_A+B+C+D
x4 —16)2  x—-2 (x—-2)2 x+4+2 (x+2)?
+Ex+F Gx+H
x2+4 0 (x2+42
We have

(% +kx+4) (x? —kx+4) = x*+(8—k?)x?+16 = x*+4x2+16
provided 8 — k* = 4. Since k > 0, we have k = 2. Ac-
cordingly,

x4 x4 ax+16-4x-16
x4 +4x2+16 x4+ 4x2+ 16
4x2 +16
(x2+2x + (2 -2x +4)
_ Ax + B Cx+D
T x242x 44 —2x +4
Section 6.3 Inverse Substitutions
(page 352)
2
x“dx
—_— Let 2x = sinu
V1T =4x2

2dx =cosudu

f sin? u cosu du
8 cosu
u sin2u

—6/(1 —cos2u)du = Ty

+C

16

1
= —sin 12x——x\/1—4x2+C

16

1
sin~!2x — 1_6 sinucosu + C

dx
x4/1 —4x2

Let x = }sing
dx = Lcos6do

_f cos 0 do = [ cscodo
“J sin0v/1—sin20
1 V1 —4x?

=1 6 —cotf|+C=In|—
n|csc cotd| + n2x o

1— /1= 4x2
X

+C

=In + Cy.

Let x = 3sinf

/‘ dx
V=X =3c0s0do

3cos 6 db 1
—/3sin03cost9 —g/cscede
—1n|csc¢9—cot0|+C_%1 3_¥9-x

— 9 — x2
3-v0-x* xgx+c

Wh-

W
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dx

8. / Let x = 3tan@

9+x% ix =3sec?0do

3sec? 0 do
= m—-/secé’dé’

]

=In|sec +tanf| + C = In(x + V9 + x2) + C;.

/9+x2

Fig. 6.3.8

dx Let x =3tané

10 V9 + 12
. g,
dx =3sec’0do

_ [ Bsech)(3sec?0)do
- 81tant0

1 [sec®o 1 0
=_/_4.__d9=—/—c,—(-)—s——d0 Let u = sin6

9 /) tant6 9 J sin*6

du = cos6 do

1 [du 1
= — _—_ = C =TT

9,/ ut 27u3 + 27sin3 6 +C

9 243/2
__&L.FC
27x3

12 f————dx Let tan
. 3 TP X = atan
@ +x9 dx =asec’9do

_f asec®6 do _/a56020d0
T ) @ +a2an?6)32 | adsec?6

1 1 X
= ;]COS@dO: ;—2-Sln9+c= m
[a2+x2 N
a
Fig. 6.3.12

116
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16 / _ax
) 2232 =a?

18. /xz_:iz_i_l:f( l)gi(é)z

R. A. ADAMS: CALCULUS

1
Let x = —tanf

dx
14. —_—
f (1 +2x2)5/2 V2

I 2
dx = —sec“0db
V2
1 sec’ 0 do 1 3
3 % —_—(1+tan29)5/2 = E/‘COS 0do
1
=— | (1 —sin®0)cos@dO Let u =sinb
ﬁf

du = cos6 db
- L (1—u2)du—i(u—1u3>+c
7 VAN
1 1
= —sinf — ——sin39 + C
V2 3v2

3

-

T V1122 32 \VT1+2x2
4x3 + 3x

=30+t
A/ 142x2 Vix
1
Fig. 6.3.14

Let x =asech (a > 0)

dx = asecftanf db
_/ asecO tan6 do

a?sec?6atanf

1 1
= /cosed0=—zsin0+C
a

a?
1 Vx2 —a?
=552+

X

x [x2—a?

Fig. 6.3.16

Letu=x+%

X+ - du =dx

2 2
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xdx x—=1)+1
2% +3 x—12+42
/ udu / du
uz +2 uz +2

—

l\)

1

1 7
1 2 —1<_)
n(u? + )+ﬁ 7 +C

1
2ln(x —2x+3)+ —

/ x
(4x — x2)3/2

2

tan™ (x;il

www.konkur.in

dx Letu=x-—1
du

=dx

dx
————— Let2—x =2sinu
4 — (2 — x)23/2
: ( x)] —dx =2cosudu
2cosudu 1 2
8cos3 u —_Z/SCC udu
——ltanu+C 1 _x-2
2 v/
2 2—x
4x—x2
Fig. 6.3.22

dx

/(x2+2x+2>2 =/ [+ D2+ 172

= /COSZ u

1
= E[(l-l—cosZu)du: -2—+

/

secZ udu

sect u

u

du

sin 2u

C
7 +

1 1
Etan'l(x+l)+ Esinu cosu + C

1
2

tan ‘(x+1)+

x%dx

(1+x2)2

/

X
2x% +

A/ x242x+

1

Fig.

2x +2

1
ks +C.

x+1

6.3.24

Let x =tanu

dx =sec?udu

tan? u du

tan? u sec* udu
sect u -

secZu

1
sif udu = 5[(1 — cos2u)du

sinu cosu

+C

Let x +1=tanu
dx =sec?udu

28.

30.

SECTION 6.3 (PAGE 352)

1422

Fig. 6.3.26

I =] +vV9+x2dx Letx =23tané
dx = 3sec?0db

=/3sec€3sec 6do
=9fsec30d0

U = sech dV =sec?0dé
dU = sec6 tan6 dé V =tan6

= 9sech tanf —9/se00 tan® 0 do
=9secd tand —9fse00(se020 —1)d6

=9sech tm0+9/seced0—9/sec30d0
=0sec tand +9In|sechd + tanf| — I

9| (V9+x%\ (x 9 [V9+x? «x
’—5[(“—3 )(5)]*5‘“ COE

= %x 9+ x2 + %ln(\/9+x2+x)+C1.

9
(where C; =C — > In3)

d
f—L— Let x = u3

1+ x1/3
tx dx =3u?du
u’d
—3/1+“ Letv=1+u
dv=du

2
=3/”—2”—+14v=3/<v—2+1)dv
v v

)
=3(?—2v+ln|v|) +C

%( 1+ x73)2 —6(1 +x3) +3m|1 + x| +C.

117
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V2 — 3
32. x *? dx Let u2 =x2+1 Let u = — tanv,
Vx2 4 2
2udu = 2x dx 3
_/u«/3—u du du = TSeczvdv in the second integral.
ﬁseczvdv
V3—u?du Let u=+/3sinv __ 1 +1] 2
du = v3cosvdv 2\u2+3 2 Z sec*v
16
=/(«/§cosv)~/§cosvdv=3/cos vdv -1 4 )
=——————+ — [ cos“vdv
3 . 22 —x+1) 3J§f
=§(v+s1nvcosv)+C ~1 2
— 4+ ——(v+sinvcosv) +C
3s’n'1 u +3uv3—u2+c 2(x2——x+1) 33
= —8i — e
2 3) 2 3 B -1 L2 ol 2 2 -PV3 N
3 241 1 22 —x+1) 33 N RN N TS
=Zsin”! | /—— | + sV + D2 -2 + C. 2 2x—1 x—2
2 3 2 = ——tan > +C.
3V3 V3 32 —-x+1)
/2 cosx
34. f ——————dx Letu=sinx
0 «/1+sin2x
du = cosx dx
/1 du LIRS ou
= Let u =tanw
/ 2
0 1+u du = sec? wdw
/4 gec? w dw m/4 d V3
= /0 Tsecw /0 secwdw Fig. 6.3.38
/4
= In|sec w + tan w|
0
=In|v2+1|—In|1+0| =In(~2+1).
2
dx
36. /——————— Let x =3sinu 40 / dx Le
2 oo . e t x = sec@
L XVI =X~ 3cosudu x2(x2 —1)3/2

_/x_Z 3cosudu _ 1/"=2
" Ji=1 9sin2u@Bcosu) 9 J,

x=2_ 1 9 —x2
1_ 9 X

38. We have

— csc? udu

=1
x=2

9—x2

Fig. 6.3.36

xdx
Letu=x—1

/ xdx _
(2—x+1)2 "

udu

/ [ = b2+ %]2

2
du = dx

@ + 2

118

1/ du
2) @+ 32

dx = secOtan6 db

/ secO tan@ dé
sec2 @ tan3 @

_] 1 —sin%0
- sin? @

/l—u2
u2

_ / cos® 0 do
- sinZ 6

cos@dl Let u =sind

du = cos0 db

1
du=———-u+0C
u

1
- (— + sinO) +C
sin

0

x2—1

forum.konkur.in

Fig. 6.3.40



www.konkur.in

STUDENT SOLUTIONS MANUAL

42. We have

_ f dx
- x(1 — x2)3/2

Let u2 =1—x2

2udu = —2xdx

_ udu _ du
(1 —uud ~ (1 — u?)u?
1 A B C D

u2(1—u2)=; ;ﬁ+l—u+1+u

_Aw—u®)+ BA—u?) + C?+u®) + Du? — u)

u2(1 — u?)
—A+C-D=0
—-B+C+D=0
“la=o0
B =
=A=0 B=1, C ! D'—1
=Y, =1, —29 _2-

/ du /du 1/ du 1/ du

I=— —— I — —_— = —_—— —

(1 — u?)u? w2 2J) 1—-u 2J) 14u
1 1

R Y

u+2n| ul 21n|1+u|-{—K

1—+/1—x2

14+4/1—x2

+ln(1—\/1—x2>—ln|x|+K.

—

1 1
+ —1In

V1-x2 2

+K

1
=)

©/2 do 0 2
44. & letx=tan~ =_=
/0 [¥cos0 fsng otx=tang, df = ——5dx
1—x2 2x
f=—"" sinf=—".
COS l+x2 Sin 1+x2

=In|l+x|| =In2.
0
1 dx 1 dx
46. Area:/ =/
172 V2x — x2 172 /1~ (x —1)2
Letu=x—-1
du =dx
0 0
=f du =sin"! u
12 /1 —u? -12
b b/ .
=0-— (—€> =% Sq. units.

SECTION 6.3 (PAGE 352)

48, Averagevale= L [ &
. verage v HC—Z b m

_1 4 dx
h 4f0 [(x —2)2 + 4732

Let x —2=2tanu
dx =2sec?udu
1]”/"' 2sec2 udu
4 J_z/s 8secdu
1 /4
—E —n/4

_L (L LYy V2
T16\v2 V2] 167
50. The circles intersect at x = %, so the common area is
A + A where

Ay =2/ V1 —x2dx Letx =sinu
1/4

dx =cosudu

1 /4
cosudu = —sinu

—m/4

1
x=1
= 2/ cos? udu
x=1/4

x=1

= (u + sinucosu)

x=1/4
x=1
= (sin™! x +xv1 — x2)
x=1/4
T .1 15

> sin yoalar sq. units.

and
1/4
A2=2/ V4 —(x—2)2dx Letx—2=2sinv
0

dx =2cosvdv
x=1/4
= 8] cos? vdv
X

=0
x=1/4

=4(v + sinvcos v)
x=0

=i () (59) 5]
e ()]

7 7V15
= —4sin~! (g> e + 27 sq. units.

x=1/4

x=0

Hence, the common area is

57 /15
Al+Ay=— ——
1+ A2 2 3
1 7
—sin™! (Z) —4sin”! (g) $q. units.
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ya (=22 +yr=4

*

Fig. 6.3.50

a X 2
52. Shaded area =2/ by1— (—) dx Letx =asinu
c a

dx =acosudu
x=a
= 2ab/ cos? udu
X

=c
x—a

= ab(u + sin u cos u)

Xx=c

b
= (ab sin™! 2 4 Z2xv/a? - x2>
a a .
b
= ab(% —sin™! 2) - %\/ a? — c? sq. units.

Y A

a

/ dx _/ asinhu du
x2v/x2—a?2 J a?cosh’uasinhu
1 1
= —2/sech2udu =— tanhu + C
a a

54.

= %tanh (cosh_1 2) +C

X X 1
1 a Va =
X x2 1
—+ -1+
a a 2
x [
a a?
N
= ——+C.
a’x

120

R. A. ADAMS: CALCULUS

Section 6.4 Other Methods for Evaluating
Integrals (page 358)

2. Here we try

1= fxe‘x sinx dx = (ap+ajx)e™ sin x+(bo+byx)e ™ cos x.

Differentiating this formula gives

di

dx

=aje *sinx — (ap + ayjx)e” * sinx + (ag + ajx)e ¥ cos x
+ bie *cosx — (bg + bix)e * cosx — (by + bix)e * sinx

=xe *sinx

provided that

ar—agp—byp=0
—a1—b =1

ag+by —bp=0
ay—b; =0.

This system has solution ap = 0, a; = by = by = —1/2.
Therefore,

1 1
/xe'x sinxdx = —Exe"‘ sinx—§(1+x)e_" cosx+C.

4. As an alternative to the direct method of Example 3, we
begin with the change of variable © = Inx, or, equiva-
lently, x = €, so that dx = e* du.

1 =/x2(lnx)4dx =/u4e3“ du
= (a4u4 +a3u’ + apu® + ayu +ao> e+ C.

We will have

dl
— = (4a4u3 + 3a3u® + 2au + a1> e
du
+3 (a4u4 + a3u3 + aou® + ayu + ao) e
— u4 e3u

provided 3a4 = 1, 3a3 + 4a4 = 0, 3a + 3a3 = 0,
3a; + 2a; = 0, and 3ap + a; = 0. Thus a4 = 1/3,
a3 = —4/9, a = 4/9, a; = —8/27, and ap = 8/81. We

now have
1 4 4 8 8
I= _ 4__ 3 — 2___ — 3u
(3u 9u +9u 2714-{—81)e +C
/xz(lnx)4dx
3 (1nx)4_4(1nx)3 4(nx)*> 8lnx 8
= ( 3 5 T o 7 Tar)tC
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16.

6. According to Maple

/ 1+x+x2 d
x
(x* = 1)(x4 — 16)2

=ln(x—l)_ln(x+1)_ 7
300 900 15,360(x —2)
46?)?200 InG =2 -3 120(1x 2" 153?,9600 Inx +2)
- 1"(220:; Dy 11;7200 In(x? + 4) 18.
- B D~ 3T

One suspects it has forgotten to use absolute values in
some of the logarithms.

8. Maple, Mathematica, and Derive readily gave
/1 L .o + 1
—=dx = —=+-.
0 (x2+1)3 32 4

10. Use the last integral in the list involving +/x2 £ a2.

/ V(x2+4)3dx = %(x2+10)\/x2 +4461n |x+vx2 4+ 4|+C

12. Use the 8th integral in the miscellaneous algebraic set.

] dt —ztan_l 3t—5+c
tN3t—=5 5 5

14. We make a change of variable and then use the first two
integrals in the exponential/logarithmic set.

4.
/x7e"2 dx Letu=x?

du =2xdx

et du
/uze“du)
z (uze“ — 2/ ue du)

32
——;-+3(u—1)>e“+c

S NI= NI

—

3

£

N TN
<
w
)
£
|
w

Il
N TN

leo\ ngw N

3
—-g—+3x —3) e

&

SECTION 6.5 (PAGE 366)

Use integrals 17 and 16 in the miscellaneous algebraic
set.

f V2x —x2
————dx
X
(2x — x2)3/2 1 ] V2x = x2 dx
1

x2
(2x _ x2)3/2

> —V2x —=x2—sin"tx = 1)+ C
x

Use the last integral in the miscellaneous algebraic set.
Then complete the square, change variables, and use the
second last integral in the elementary list.

+1/ dx
8 ) 4x —x2
+1/ dx

8J) 4—(x-2)2
x—2

_ 1 du
R e
_ x—2 —l—ln u+2
8(4x —x2) 32 -2
x—2 1

S S SRS Y S
Sax—x2) T3 "

/ dx
(W4x — x2)4

4x — x2

x—2

=" = Letu=x-2
8(4x — x2)

du =dx

Section 6.5 Improper Integrals (page 366)
Letu=2x-1

/‘00 1
- _dx
— 123
3 @x-D du = 2dx

1/°°du 1 . R
== —— = — lim u
5 2

-2/3 d
2 u2/3 R—00 J5 "

R

1/3 =00 (diverges)

1
= — lim 3u
R—o00

-1 -1

~/—oo x2+1 R—>—oo/ x2+1

= lim [tan“(—l) - tan_l(R)]
R——0c0

-5-(D-F

= i —_
C—lgzl— 2a In

1 a+C
= lim —In =
C—a- 2a

The integral diverges to infinity.

1 |a+x
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L dx
[ taiimr
0 xVl—x 2udu = —dx

V' 2udu . ¢ du
= ———— =2 lim
o (1 —u?)u e>1-Jg 1 —u?
c

=2 lim lln

c—>1—

[e.9)
f xe *dx
0

R
= lim xe *dx
R—o00 Jo

U=x dV=e*dx
dU = dx V=-e*

R
= lim | —xe™*
R—o0

u+1
u—1

=00 (diverges)
0

R
+/ e *dx
0 0
. R 1
=Rll>moo <_e_R ~ K + 1) =1.

The integral converges.

® x R %
—dx=1i —d
/0 14224 RLmoo/O 1+22
1 R
= lim - 2
Ri)moo4ln(l + 2x%)

0

= lim l1n(1 +2R%) Tint] = 0o
- R—o| 4 4 - ’
This integral diverges to infinity.

/2 c
/ secxdx = lim In|secx + tanx|
0 C—(n/2)—

0
= Ilim In|secC +tanC| = oo.
C—(m/2)—

This integral diverges to infinity.

o0
/ dx Letu =Inx
. x(Inx) J dx

U= —
X
I“Rdu InR
= lim — = lim In|u|
R—00 Jj u R—o0 1

= lim In(InR) —In1 = oo.
R—o0

This integral diverges to infinity.

© d
/ & Letu =Inx
e

x(In x)2 d
du = ad
x
. InR du ) 1
= (—ﬁ * ‘) =1

The integral converges.
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©  ydx 0 o)
20. I=[ —=/ +/ =h+Ih
oo 14+ x* —00 0

® xd
12=/ xax Let u = x?2
0

1L 4

L+x du =2xdx
_1f°° 2 ‘llimtan-luk—z
T 2Jo 1442 2R-o0 0o 4

Similarly, 7; = —%. Therefore, I = 0.

oo 0 0o
22. I=/ e""'dx:/ e"dx-l—f etdx=Lh+1I
—00 —00 0
o0
12=f e Fdx=1
0

Similarly, 7; = 1. Therefore, I = 2.

o0
24. Area of shaded region = / (e —e ) dx
0

e—Zx)

1 1
e Ry E) =3 sq. units.

R
= lim (—e_x +

R—o0

N =

0

N -

R—o0

= lim (—e‘R+

26. The required area is
o]
Area=/ x"2e" 1 dx
0

1 oo
= / x 27 V* gx +/ x2e V% gx
0 1

=11+ .
1
Then let u = —= and du = x~2dx in both I} and I»:
x

-1

I = lim x2e”*dx = lim e“du
C—-0+ Jc C=>0+J_1/C
_ 1
= lim (¢! e Ve =2
— e
~1/R
L = lim x2e YV  dx = lim e du
R—00 J1 R—o00 J_3

1
= lim (e VR —eh=1-=.
R—o0 e

Hence, the total area is I1 + I, = 1 square unit.

forum.konkur.in



www.konkur.in

STUDENT SOLUTIONS MANUAL

1 0 1
xsgnx —x
28. dx = —d
/_1x+2 o 1x+2 x+0x+2 o

0 1
2 2
_/_1< 1+—)dx+f <l—x+2)dx
0 1
+(x—2Inx+2)| =
0

= (—x +2In|x +2]) In—.

-1
2

1
30. Since <= for all x > 0, therefore
x

[e.9)
,/0 x5+1
1 0o x2
—d
,/0 S+1 ,/1 xS +1 o
1 © gy
< ox
/x5+l o ‘/; x3
=1

+ Ir.

xS +1

Since I is a proper integral (finite) and I is a conver-
gent improper integral, (see Theorem 2), therefore / con-
verges.

32. Since xﬁ

> — for all x > 1, therefore

f
(o) (o) d
=M 3w (% o=
2 x2-1 2 VX
Since I; is a divergent improper integral, / diverges.

1 1

34. On [0,1], m < ﬁ

Thus,

1 1
On [1,00), m < -

1 ldx
—_—_— << —
/oﬁ+x2‘ 0 VX

©  dx /°°dx
-— < putday
1 Vx4+x2 T x?

Since both of these 1ntegrals are convergent, therefore so

is their sum / f+x2

36. Since sinx < x for all x > 0, thus w < 1. Then

1=/ SIX iy = Tim —’i’ﬁdx</ (1) dx = 7.
0 X =0+ J¢

Hence, I converges.

2
38. Since 0 < 1 — cos 4/x = 2sin? vx <2 vE =1
2 2 2
7[2
fi > 0, theref —, which
or x > ereore[) l—cosf / , whic

diverges to infinity.

SECTION 6.5 (PAGE 366)

40. Since Inx grows more slowly than any positive power of
x, therefore we have Inx < kx!/4 for some constant k

2. Thus,

and‘/‘oo dx
2 ﬁlnx
1 [ dx
k), x4+

o0
42. We are given that / e dx = .
0

a) First we calculate

and every x > forx > 2

1 1
- >
JxInx T kx3/4

diverges to infinity by comparison with

o0 2 R 2 2
/ x2e™* dx = lim x“e ™ dx
0

R—0o0 Jo
U=x dV = xe=* dx
dU =dx V=-}e*
R R
1
= lim [— lxe“"‘2 + —f e dx]
R—o00 0 2 0

1 . g2, 1 [® _p
=—= = d
2Rli)mooRe + 2/0 e x
1 1
= 0+ Z\/ = Z/\/Tr.
b) Similarly,

o0 2 R 2
f x*e™* dx = lim xte™™ dx
0

R—00 Jo
U=x3 dV = xe™* dx
dU =3x%dx  V=-le™

R
3 R
+ 5[ x2e~* dx]
0 0
1 3 [
=-3 Rlim R3¢ R + E/ x2e~ dx
—00 0

=o+%<%ﬁ) = %ﬁ.

: 1 3,—x2
- Rll>moo|:_§x ¢

44. We have

E(e)

[-[") #i=

dx
_/f-i—xz f/ef+2—11(6)+12(€)

L@l </0 ﬁ=2\/2
X dx

[12(€)| </ — =€
1/e X

Thus I1(€) = O(€'/?) as € — 0+, and L(€) = O(e) as
€ — 0+. Since € < €72 (for 0 < € < 1), both I{(€) and
I (€) are O(e/?) as € — 0+, and so, therefore, is E(€).
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Now we must show that no value of k larger than
172 will work. If k > 1/2, then

€ dx €
no=[ Zrm [ 5 2z = Ve

I (e
Thus % >elP* 5 60 as € — 0+, and I;(¢) is not

0(eh).
o0

46. l"(x)=/ 1=t g,
0

a) Since lim;_, oo t*~1e™?/2 = 0, there exists T > 0
such that t*~1e=*/2 < 1 if r > T. Thus

o0 o0
0< f Fle  dr < f etdt =2e7 T2
T T

(o)

and f t*~le™" dr converges by the comparison
T

theorem.

If x > 0, then

T T
05/ let dr </ =l
0 0

converges by Theorem 2(b). Thus the integral defin-
ing I'(x) converges.

o]
b) T(x+1)= / tYe tdt
0

R
= lim t*e ' dt
=0+ J.
R—00
U=1¢t* dV =e ' dt

dU = xt*"Vdx V=—e"
R
= lim (—t"e"
c—>0+

R
+x / P le~t gy
R—>00 ¢ ¢

o]
=0+x/ *le~tdt = xI'(x).
0

o]
c) I'(l) =f e tdt=1=0
0
By ), T =I1'l)=1x1=1=1".
In general, if I'(k + 1) = k! for some positive integer
k, then

Fk+2)=G(+DI'k+1)=k+ Dk! =k + 1)
Hence I'(n + 1) = n! for all integers n > 0, by
induction.
o0
d T (%) =/ t712e7Pdr Lett = x2
0 dt =2xdx
1 2 © 2
=/ Ze e 2xdx—2/ e X dx =7
0
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Section 6.6 The Trapezoid and Midpoint
Rules (page 374)

The exact value of I is

1 1
I= / e Fdx =—e"*
0 0

=1- 1 2 0.6321206.
e
The approximations are

Ty = },(%eo e VA p 12 4 o734 %e‘l)

~ 0.6354094

My =18 4738 4 75/8 1 77/8)
~ 0.6304774
= (T4 + My) ~ 0.6329434

Mg = %(e—l/IG 4+ 7316 4 o=5/16 | ,~7/16

o—9/16 +e—11/16+e—13/16+e—15/16)

~ 0.6317092

Tie = 3(Tg + M) ~ 0.6323263.

The exact errors are

I — Ty = —0.0032888; I — M4 =0.0016432;
I — Tg = —0.0008228; I — Mg = 0.0004114;
I — T16 = —0.0002057.

If f(x) =e*, then f@(x) =e*. On [0,1],
[ f®(x)| < 1. Therefore, the error bounds are:

, 1 (1Y?
Trapezoid : |I — T,| < T

1 /1
[l —T4| < (—6) ~ 0.0052083;

—

12
1 (1
I —Tg| < —5(——) 0.001302;

1

I- — (— ) ~0.0003255.
I =Tisl = 13 256)
1 2

1
|1 — My < —

1
Midpoint : |1 — M,| < o (n
24 (

1
2 0.0026041;
i)

1
- M 0.000651.
1= Msl = o2 (64)

Note that the actual errors satisfy these bounds.
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The exact value of [ is

1 d
I=f ——x—-=tan‘1x
o 1+x2

The approximations are

1
= % ~ 0.7853982.

0

1 16 4 16 1/1
Iy = [()+ﬁ+5+§§ 5(5)]
~ (0.7827941
T COC L
65 73 89 113

~ 0.7867001
0.7847471

256 256

281 " 305
256
=

1
Iy = §(T4 + My) ~
_ 1256 256
T 8[257 265
256 256

256 256 256
337 7377 T 425
~ 0.7857237

1
Tie = E(Ts + Mg) ~ 0.7852354.

The exact errors are

I — Ty = 0.0026041; I — M4 = —0.0013019;
I — Ty = 0.0006511; I — Mg = —0.0003255;
I — T16 = 0.0001628.

—2x
then f’(x) = a—+x—2)2 and

On [0,1], | f”(x)| < 4. Therefore,

1
Since f(x) = i

” _ 6x2 -2
fx) = T2

the error bounds are

N—
N

S |-

Trapezoid : |I — T,| <

/N

[1 — T4

IA

| R s R s 5le SlE Sl Sl

2 0.0208333;

—~~
==

I —Tg| <

/N

~ 0.0052083;

2=
— —

| =

11 —Tel <

w

Midpoint : |I — M,| <

|1 — Ma|

IA

~ 0.0104167;

[ — Mg| < ~ 0.0026042.

AN TN N N
RI-F-31= R
~— —

[\
N

10.

) ~ 0.001302. 12.

SECTION 6.6 (PAGE 374)

The exact errors are much smaller than these bounds.
In part, this is due to very crude estimates made for

L (o)l
My =2038+67+8+52) =474
My =100 x 2(4 + 5.5+ 5.5 + 4) = 3, 800 km?

1
The approximations for I = / e dx are
0

1(6—1/256 4 ¢=9/256 | 4=25/256 | ,—49/256 1

8
e—81/256 +e—121/256+e—169/256+e—225/256)

Mg =

~ 0.7473

l16[ (1) + e~ 1/256 | = 1/64 4 (=9/256 1 ,=1/16

¢25/256 | ,=9/64 | ,—49/256 | ,~1/4 | ,~81/256
¢ 25/64 | o=121/256 | ,=9/16 | ,—~169/256 | ,—49/64 |

Tie =

1
¢—225/256 .

?ﬂ

Since f(x) = e~*", we have flx) = —2xe‘x2,

F(x) = 2(2x% — De™*", and f"(x) = 4x(3 — 2xV)e™*".
Since f”’(x) % 0 on (0,1), therefore the maximum value
of | f”(x)| on [0, 1] must occur at an endpoint of that
interval. We have f”(0) = —2 and f”(1) = 2/e, so
|f”(x)| <2 on [0, 1]. The error bounds are

IM|<2 12 o 7 — 3] 2 /1
! nl =04 8=\

2 0.00130.

|1 T|<2 12=>|1 Tiel < = (=
"= \n 161 = 15\ 256

2 0.000651.

= (0.74658.

—

According to the error bounds,
1 2
/ e dx =0.747,
0
accurate to two decimal places, with error no greater than

1 in the third decimal place.

The exact value of I is

1 x3
I= 2dx = —
V/(;JC X 3

The approximation is

1

0

1 1
T = (1)[5(0)2 + 5(1)2] =3
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The actual error is I — T} = —%. However, since A similar estimate holds on each subinterval [x;_1, x;]
f(x) = x2, then f”(x) =2 on [0,1], so the error estimate for 1 < j < n. Therefore,

here gives

1
— <_12
1 Tll_lz() 5

Since this is the actual size of the error in this case, the

(x)dx — M,

S ([ rerax— rmpm)
j=1 %1

constant “12” in the error estimate cannot be improved

(i.e., cannot be made larger). f(mjh

Let y = f(x). We are given that m; is the midpoint of Kb

[x0, x1] where x; — xo = h. By tangent line approximate < Z -—h3 W3 = (_2;‘1_) h?

in the subinterval [xo, x],
f@x) = f(my) + f'(m)(x —myp).
The error in this approximation is
E(x) = f(x) = f(m1) — f'(m1)(x —my).

If f”(¢) exists for all ¢ in [xq, x1] and | f”(¢)] < K for Section 6.7 Simpson’s Rule (page 379)
some constant K, then by Theorem 11 of Section 4.9,

because nh = b — a.

K
[E@ < 0 —mp)?,
2. The exact value of I is

Hence,
K ! :

[f) = £Om) = f/om)(x = mp)] < o (x = m). I= /O erdx=—eT
We integrate both sides of this inequlity. Noting that =1- 1 2 0.6321206.
X|—mi=m;—xp= %h, we obtain for the left side €

x1 xi The approximations are
sedx = [ somyax
*0 X0

S4 = '113(e0 +de VA 426712 4 4o 7Ty

x1
—/ flm)(x —my)dx
*0 ~ 0.6321342

™ rompy &m0 [ 1 o 18 1/4 | 4,~3/8
= f&x)dx — f(mi)h — f'(m1) ) Sg = — (€0 + 4e™1/8 4 2~ 1/4 4 4¢73/8 4
R] X0 24
‘ /n Sy — Fenph ’ 212 4 4758 4 2e73/% 4 4e77/8 47Ty
= x)dx — f(my)h|. -
. =~ 0.6321214.
Integrating the right-hand side, we get The actual errors are
XK 2 K (x—m) "
L, 2T = g N I — 84 = —0.0000136; I — Ss = —0.0000008.
AR K ,
6 \s + ) ﬁh These errors are evidently much smaller than the cor-
responding errors for the corresponding Trapezoid Rule
Hence, approximations.
x1
] fx)dx — f(ml)h’
xo x1 4. The exact value of [ is
= [f(x) = f(m1) — f'(m1)(x —m)]dx
X0 1 1
K3 I =/ Xt x| = T ~0.7853082.
=5t o 1+x2 o 4
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The approximations are

1 16 4 16 1
Sa=—|14+4(—= 2( = 41 — =
=li+4(5)+2(5) (%) +3)
=~ 0.7853922
1 64 16 64
= — 4 — — —
5t 24[1 + (65) +2 (17) +4 (73) +
4 64 16 64 1
2( = 4 — 2= — =
(5) + (89) + (25) +4(113) + 2]
=~ (0.7853981.
The actual errors are
I — 84 = 0.0000060; I — Sg = 0.0000001,
accurate to 7 decimal places. These errors are evidently
much smaller than the corresponding errors for the corre-

sponding Trapezoid Rule approximation.

1
6. S5=100x 1[0 +4(4+55+5.5+4) +2(55+5+45) +0]

~ 3,533 km? 10.

b
8. Let] = f f(x)dx, and the interval [a, b] be subdi-

vided into 2n subintervals of equal length 2 = (b—a)/2n.
Let yi = f(xj) and x; = a + jh for 0 < j < 2n, then

1(b—a\[
S2n—§( o )hJ’o+4y1+2y2+~~

+2ym-—2+4ym-_1+ yzn]

b—a\T 2n—1 n—1
( - ) yo+4Zyj—2Zyzj+yzn]

j=1 j=1

and

1(b—a =
T =3 <7> (}’o+2 > yj+y2n)

j=1

1/b-a .
Tn=§ n )’0+2Zy2j+)’2n .

j=1

Since Top = 3 (T + Mn) = My, = 2Tp, — Ty, then

T, +2M, T, +2Q0n - Ty) _ADn - T,
3 - 3 - 3
2Ton + M, _ 2T2n + 2T2n —Tn _ 4Ty — Ty
3 - 3 - 3
Hence,
T, +2M, 2Dp+ My, AT —T,
3 - 3 - 3

SECTION 6.7 (PAGE 379)

Using the formulas of T», and T, obtained above,
4T, — T,
2n—1

3
1[4 (b—a

= —| - 2 ;
3[2< n )(y0+ E yj+y2n)

j=1

- % (b;a) ()’0+2'§y2j+y2n>:|

j=1

b—a 2n—1 n—1
(7) [)’o +4) yi—2) »; +y2n]

j=1 j=1

4Tn — Ty _ T, +2M, _ 2T, + My
3 - 3 7 3

Son =

1
The approximations for [ = / e™* dx are
0

1/1
Sg = 3 (§> [1 + 4(e—1/64 4 e 64 | om25/64

e—-49/64) +2(e—1/16+e—1/4 +e—9/l6) +e—1]
~ (0.7468261

1/1
Si6 = 3 (E) [1 +4(e—1/256 4 e9/256 | p=25/256

e—49/256 | ,—81/256 | ,—121/256 | ,—~169/256
e-zzs/zsﬁ) +2(e—1/64 Lo 1/16 | =964 | —1/4

e~25/64 | ,=9/16 +e—49/64) +e-1]

~ 0.7468243.

If f(x) = e, then f@(x) = 4 (4x* — 12x% + 3).
On [0,1], |f ) (x)] < 12, and the error bounds are

12(1) /1\*
TRyt (n)

12 4
I — 88| < 180 (%) 2 0.0000163

12 /1\*

I—- <— | —=) =0.0000010.
1= 516l = 155 (16)

Comparing the two approximations,

1
1= f e dx = 0.7468,
0
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accurate to 4 decimal places.

12. The exact value of I is 8.
1 4

x

I = 3dx = =

/0 x’dx )

The approximation is

1/1 1\3 1
SS==(=)]0*+4(= B=-.
2 3(2)[0 * (2) * ] 7
The actual error is zero. Hence, Simpson’s Rule is exact
for the cubic function f(x) = x3. Since it is evidently
exact for quadratic functions f(x) = Bx? + Cx + D, it

must also be exact for arbitrary cubics
fx) = Ax3+ Bx2+Cx + D.

Section 6.8 Other Aspects of Approximate
Integration (page 385)

dx Letr?=1-—x

1 e*
2. f—
0 VI=x it = —dx

2
fO el—-t
1

1 2
2t dt =2/ el dr.
0

o0
. / I et
1 x24+J/x+1 12
dx — 2dt
.X——t—3
_/0 1 2dt
B 1 1\? 1 3
(t_2> + t_2+1
/1 tdt
o M+ +1"
6. Let

f°° dx _/1 dx +/°° dx_ _ .
0 1 o x*+1 1 41 ! >

1 dt
Let x = n and dx = -7 in I, then

n= | W:(_'ﬁt)=fo

1424 ar.

t

Hence,

/‘°° dx _/1 1 + x2 d
o 211 Sy i i)

1,2
=/ x_—l:_ldx‘
o x*+1
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Let
o0 1
=/ e_"zdx Let x = —
1 t
dt
dx = —ﬁ“
0 1 1 ,-1/1%
=/ e (= dt=f £ __ar.
1 2 o 12
Observe that
e~ =2 Io%)
I = lim 2]
S0y 2 S0k el/? Loo
lim —2t73
= i _—_—
1>0+ 1/ (=2¢73)
= lim L _
TS0+ el/? -
Hence,

~ 0.1430237

1/1 64 64
_2(z 4 64064 4 22 o649 4 2T —64/25
Sg 3(8>[O+ ( e +9e +25e +

6—48_64/49 +2( 166716 +4¢74 + Ee_m/9 +e7!
49 9
2 0.1393877.

Hence, I ~ 0.14, accurate to 2 decimal places. These
approximations do not converge very quickly, because the
fourth derivative of e~!/* has very large values for some
values of ¢ near 0. In fact, higher and higher derivatives
behave more and more badly near 0, so higher order
methods cannot be expected to work well either.

oo
. —x2
We are given that f e ¥ dx = % 7 and from the
0

1
previous exercise / e_"2 dx = 0.74684. Therefore,
0

® 5 © 5 L,
f e * dx =/ e ” dx—/ e ¥ dx
1 0 0

= %ﬁ —0.74684

=0.139 (to 3 decimal places).
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12. For any function f we use the approximation
1
[ f@rax~ s1VD + s,
We have

[ () ()3

1
2
Error =/ x4dx——=—2—— ~ 0.17778
-1 9 5

1
1
cosxdx ~cos| ———= | + cos (—) ~ 1.67582
/_1 ( ﬁ) V3

1
Error = f cosxdx — 1.67582 ~ 0.00712
-1

1
/ e dx ~ e VY3 4 V3 x 234270
-1

= oo

1
Error = / e* dx — 2.34270 ~ 0.00771.
-1

14. For any function f we use the approximation

! 5
[ 1rdx =3[ 13 + £/ + 57O

We have
1 B 6 6
5 3
/ Hdx~Z (= /2] + 3 + 0 = 0.24000
1 5 5

-1

9
fl cosxdx =~ > -cos —-\/E + cos \/§ + 8
1 9 5 5 9

~ 1.68300

1
Error = f x%dx — 0.24000 ~ 0.04571

1
Error = f cosx dx — 1.68300 ~ 0.00006
-1

1
f e*dx ~ e V35 4 V35 x 235034

1

1
Error = f e* dx — 2.35034 =~ 0.00006.
-1

16. From Exercise 9 in Section 7.6, for I = ' f(x)dx,
0

T =T = 1.9196

T) = T, = 2.00188

TY = Ty = 2.02622

T = Ty = 2.02929.

SECTION 6.8 (PAGE 385)

Hence,
, AT -1¢
Ry =T = ——5—> =2.0346684
41? — 1O
)= —2——1 —-20343333 =5,
16T} — T}
RR=T}= _% = 2.0346684
1 4T30 — TZO
T} = ——2 =20303133 = Ss
16T — T}
T = % = 2.0300453
3 64T32 _ T22
Ry =T} = —2—2 =2.0299719.
63
18. Let
o
1 =/ ﬂdx Let x = —1—
1+ x2 ¢
dt
dx = t_2
. (1
o sin| - 1
= — (=) ar
_/1 /n 1 £2
1+ (—2
t

The transformation is not suitable because the derivative

2
at some points close to 0.
In order to approximate the integral / to an desired de-
gree of accuracy, say with error less than € in absolute
value, we have to divide the integral into two parts:

® sinx
I= —d
/,, 1+ x2 *

P 00 .t
=/ sinx dx+/ sin x dx
. 14 x2 , 14x2

=1L+ D.

of sin (— is —— cos (;), which has very large values

If t > tan Zr—;—-e-, then

/°° sinx d /‘°° dx
x <
. 14x2  14x2

oo

=tan"! (x)

T _1 €
= — — ) < —.
> an ()_2

t
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SECTION 6.8 (PAGE 385)

Now let A be a numerical approximation to the proper
PR
integral / —1% dx, having error less than €/2 in ab-
solute valﬁe. Then
I — Al =1+ 1 — A

< —Al+|1]

< + S

22 7
Hence, A is an approximation to the integral I with the
desired accuracy.

If ¢ is time and E is error, then for the trapezoid rule,
12E is approximately constant. Since E = 6 x 10716
when ¢t = 175.777 seconds, the time we would expect our
computer to achieve an error of 10732 is about

—16

10
\/ 175.777% x 6 x o= seconds,

which is about 1,365 years.

Review Exercises on Techniques
of Integration (page 387)

X
dx Letu=x—
/ G D3 x u=x-—1

du = dx
u+1 1 1
=,/ 3 d"=_/(u_2+u_3>du
1 1 1 1
=—— +C= C.

1 1/3
fﬂdx Letu =1+ %
Vx dx

G
= 2/u1/3 du=23u?+C

=31+v0)*?+cC.

du

/(x2+x—2)sin3xdx

U=x2+x-2
dU = 2x + 1)dx

dV =sin3x
V= —%cos3x

=—-%(x2+x —2)cos3x + %f(2x+1)cos3xdx

U=2x+1 dV =cos3xdx
dU =2dx V = §sin3x

= —%(x2 +x —2)cos3x + %(2}6 + 1) sin3x

- %fsini%xdx
= —%(x2 +x —2)cos3x + %(2)6 + 1) sin3x

2
+ 2—7cos3x+C.

130
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R. A. ADAMS: CALCULUS

/x3cos(x2)dx Let w = x2

dw=2xdx
=%[wcoswdw

U=w

dU =dw

= Llysinw -1
= swsinw — 3

dV = coswdw
V =sinw

sinw dw

= %xz sin(x?) + %cos(xz) +C.

1 A B (A+B)x+(5A-3B)
2+2x—15 x-3 x+5 x242x —15
A+B=0 1 _ 1
=>{5A—3B=1=$A_8’B_ g
/‘ dx _1/‘ dx 1 dx
x2+2x—15 8J) x—-3 8J x+5
1 x -3
== C.
81nx+5’+

12. /(sinx +cosx)2dx = f(l + sin2x) dx

=x—%—cost+C.

14. f ——COL dx Letu =sinx
1 +sin?x
du = cosxdx
du _1
=/——1+u2 =tan” u+C
= tan'l(sinx) +C.
16. We have

Letx=\/§tanu

/ x2dx
(3 +5x2)3/2
dx = \/g secudu

f (3 tan? u)(\/é sec? u) du

(3)3/2sec u

1
= —— | (secu — cosu)du
sﬁ/

1
= ——(In|secu + tanu| — sinu) + C

5V5
1 (lnm+«/§x_ 5x )
5v5 V3 3| V5x2+3
1 X
= ——1In(v/5x2 + 3 ++/5x) - ———— +Co,
55 ( ) 5v5x2 +3
1
where C =C———ln«/§.
0 545
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V532 N
3
Fig. RT.16
2 - 2 —6x—
18. I=/x+4x /2x + 10x — 6x 3dx
x2 4+ 5x x2 +5x

6x +3
=/[2—x———(x+5)]dx

6x +3 _A B (A+B)x+5A
x(x+5 x  x+5 x(x +5)
A+B=6 _3 _2
=>{5A=3 =>A‘s’B 5
dx 27 dx
2dx— = | — - —

,/ * 5 x 5 x+5
2
=2x—§ln|x|—-—7—ln|x+5|+C.

5 5
1 A Bx+C

20, ———=—+"—"—
4x3+x  x 4x2+1

_ A@4x?+1)+Bx?+Cx
- 4x3 + x

4A+B=0
=>{c 0, A=1

dx xdx
- dx= = 4 ==
f4x3+x * x f4x2+1

1
=In|x| — 51n(4x2+ D+C.

= B =—4.

22. / sin® x cos* x dx
= / %(1 —-cost)[%(l + cos 2x)]? dx
_1 2 3
=3 (1 4+ cos2x — cos“2x — cos” 2x)dx
1
x + —sin2x —

16
1
- 5/(1 — sin? 2x)cos2xdx

T f(l + cos4x)dx

1 1 1
=%+Esin2x—f%—asin4x—-1—6sin2x
1
+Rsm 2x+C

_x sin4x N sin3 2x
16 64 48
24, We have

+C.

1 =/tan4x secxdx

U = tan® x dV =tanx secxdx
dU = 3tan? x sec? x dx V =secx

REVIEW EXERCISES ON TECHNIQUES OF INTEGRATION (PAGE 387)

= tan’ x secx —3/tan2x sec® x dx

= tan® x secx —3ftan2x(tan2x+l)secxdx
= tan’ x secx — 3] — 3J where
J =/tan2x secx dx

U =tanx dV =tanx secxdx
dU = sec? x dx V =secx

=tanx secx—fsec3xdx

=tanx secx—/(tan2x+l)secxdx
=tanx secx — J —In|secx 4+ tanx| 4 C
J = %tanx secx—%lnlsecx+tanx|+c.
I =}tan®x secx — 3 tanx secx
+%ln|secx+tanx|+C.

26. We have

-/‘xsin_1 (%) dx

U=s1n‘1(£) dV = xdx
d 2 *
X V==
dU =
Va4 —x2 2
2 1 2d
=%sin'1(%)—§f X x2 Let x = 2sinu
4-x dx =2cosudu
2
= %sin_1 (%) —Zfsin udu
2
= gn (2 -
_2sm (2) (1 — cos2u)du
2
_x__ -1 f _ .
_2sm (2) u+sinu cosu + C
2
_(* _ AW
—(2 l)sm (2)+4x 4 —x*+C.
28. We have

dx xdx
1= = Let u = x?
/x5—2x3+x /x6—2x4+x2 ctu=x

du =2xdx
1 du 1 du
=§/u3—2u2+u_§/u(u—l)2
I A B c
w102 % a1l a1
A(u —2u+1)+B(u —u)+Cu
—2u?+u

—2A-B+C=0=>A=1 B=-1,C=1
A=1

1/‘ du _1 du l/ du
2) wd-224+u"2) u 2J) u-1

|A+B 0

131
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REVIEW EXERCISES ON TECHNIQUES OF INTEGRATION (PAGE 387) R. A. ADAMS: CALCULUS
./ (u —1)2
1
ln|u|——ln|u—1|— —1-——1—-+K
2 1 ol/x 1
L x2 1 36. f —dx Letu=—
— + K. x x
2 | -1 2(x2-1) 1
du = ——5dx
x
30. Let =—fe"du=—e"+C=—el/x+C.
I, =/x”3xdx
U=x" dV =3*dx
dU = n—1 d _ 3*
V= In3 38. fe(”l/3) Let x = u3
xn3x n / dx = 3u?du
= — 7 Lin-1-
In3 ln33x =3fu2e"du=312
— x g, _ 2
Io = ,/ 3 dx = In3 +C See solution to #16 of Section 6.6 for
Hence, I, = fu”e“ dx =u"e" —nl,_.
L= /x33" dx = 3[ule" — 2(ue* — e*)] +C
_P¥ 3% 2 % 1N = e Ex3 — 6512 4 6) + C.
"3 3|3 m3\In3 3"’ !
3 3 2
] A 6x 6 + C1.
In3  (n3)2 ' (In3)3 (n3)* 10V*+2 gy
40. ———— Letu=+x+2
Vx+2 dx
32. We have du = ———
i S VO "2 SR 5 Wx+2 )
x2+2x+2 x = x2+2x+2 x flO“du_rTO10"+C—ln1010 x+2+C.
2x +1
__/‘(T-l-_l-)'_mdx Letu=x+1
du = dx
=x—/2u—1du 42, Assume that x > 1 and let x = secu and
u? +1 dx = secu tanu du. Then
=x—ln|u2+1|+tan_1 u+C
=x—In(x2+2x+2)+tan” ! (x + 1) + C. x2dx
VET -1
3
34. We have =/E€_“M =/sec3 udu
tan u
3 2 1 1
/x (nx)"dx =—2-secutanu+§ln|secu+tanu|+C
U = (Inx)>? dV =x3dx 1 1
2 14 =xvx2—-1+-In|lx++Vx2-1]+C.
dU = —Inxdx V_Zx 2 2
x
= 14 21 3In Differentiation shows that this solution is valid for
x*(Inx) x°Inxdx
4 2 x < —1 also.
U=Ilnx dV =x3dx
1 1
dU = —dx V= x*
x 4 -3 R
Ly 5 1, 1/ 5 44. /————dx Letu=4—3x+x
=—x"(Inx)* —=x"Inx+ = | x"dx /4 _ 2
4 8 8 4-3x+x du = (=3 + 2x) dx
4
a2 -tmr+ i 4c Y a4+ C=2/4—3x+x2+C.
4 2 8 f
132
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46. Let +/3x = secu and +/3dx = secu tanu du. Then

/v3x7—1
——dx

x
tan ! tanu d
u——secu tanudu
_/ V3
- 1

—secu

V3
=/tm2udu=/(sec2u—l)du
=tanu —u+C=+3x2—1—sec” ' (+/3x)+ C

1
=+/3x2 — 1+ sin™! (ﬁx) +Cj.

48. fo—xzdx

=‘/.,l;‘l-—(x—%-)2dx Letx—-%:%sinu

dx = %cosudu

=%/coszudu=%u+%sinu cosu+C

=gsinT'@x — )+ J@x — DvVx —x2+ C.

D=

w ()-3[(1- 52

G ()3 (5) v

d
2
X (B3 [ X
= tan (3) 2/9+x2d"
x2
2
2

52. Let u = x2 and du = 2x dx; then we have

I—f dx _/‘ xdx _l/ du
T xa2+42 7 ) 262+42 2] uw

REVIEW EXERCISES ON TECHNIQUES OF INTEGRATION (PAGE 387)

Since

1 _A+ B N Cc
u@+H2 " u o ut+4 (u+4)?
_ A@u? 4 8u 4 16) + B(u® +4u) + Cu

u(u + 4)2
=18A4+4B+C=0=>A=—, B=——, C=—-,
16A = 1 16 16 4
therefore
1_1 du 1/ du 1 du
“32) u 32  u+4 8) u+4?
1 u 1 1
=—l _— —_ C
32"u+4’ Su+d
1 x2 1
—3—21n x2+4 +8(x2+4)+c’
54. Since
I = /‘ sin(l;x) dx
X
U = sin(Inx) dv = d—z
x
dU=cos(lnx) dx .
x - -
X
in(l 1
=_sm(nx) +‘/‘cos(;1x) dx
X X
U = cos(In x) dv = d—;
sin(In x) x
= - -1
dUu v=_1
x
_ sin(lnx) cos(lnx) I
- x x ’
therefore
I= —L[sin(lnx) + cos(lnx)] +C.
2x
56. We have
Xrx-2 x3—Tx+8x -2
I= — = S —
f 7 dx / P dx
8x —2
=/(x+—x2_7>dx.
Since
8x—2 A . B (A+B)x+(B-AWT
x2=T x4+T x—AT x2 -7
A+B=8 ) 1 1
= A _ % =3A=44—, B=4-— —,
[B A= Vi Vi1 N
133
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therefore x? 1 3
64. /2 3= 5/(1+2x2—3)dx
I=/( 8§_§)dx —_x_+£/( 1 1 )dx
2 - J 2 4 ﬁx—«/’ V2x + /3
x 1 x 1 dx
N - s
2 ( N x++7 V71 x =~ _+4fl «/§x+\/§+
x? 1 1
==+ 4+—)1n x++/7 +(4——-—)ln x—7+C.
5 ( 7 | | 7 | | 66. We have i
/x(x2+x+1)1/2
dx 1 3
58. /cos xdx—f(l—sm x)3cosxdx Letu=sinx =/x[(x+l)2+-3-]1/2 Letx+§=7tan9
du =cosxdx 2 4 V3
- s a4 6 dx = ~=sec? 0.df
= [ —-u)du= | (1A-3u”+3u”—u’)du 2
—u_u+ u__u +C — sec” 6d6
= sinx — sin x+§sm5x—%-sin7x+C. =/(J§ 0 l)(£ ce)
2
60. We have

2secf do /‘
ﬁtane—l «/§s1n9—cos€

+/35in6 + cos 6

3sin? § — cos? @

sin6 d6 cosdo
=2 2
f/3sin29—cosze + 3sin? § — cos? 6

/tan4 (rx)dx = f tanz(yrx)[secz(nx) — 1ldx

= ftanz(nx) secz(yrx) dx — /[secz(ytx) —11dx

1 1
= — tan3(7rx) — —tan(wrx) +x + C.

3 P sin6 do / cos 0 db
=2 +2 | ———
f,/i% 4cos2 0 4sin?2 6 — 1
Let u = cosO, du = —sinf d0 in the first integral;
let v = sinf, dv = cos 6 d6 in the second integral.
62. /e"(l —e¥)32dx  Let e* =sinu N dv
e*dx =cosudu —2 f3 42+2f402_1
6 1} V3 d 1 d
=/cos udu=<—) /(l+cos2u)3du -_N2 u __f_u
2 2 3-u2 2) L2
——f(l+3cos2u+3cos22u+cos32u)du V3
\/g 1 2 cos b + '7
3 3 =YX ()= 2z
= — 4+ —sin2u + —/(1 + cos4u) du+ 2 (2) (ﬁ) In V3
16 16 cosf — >
-~ f (1 — sin® 2u) cos 2u du
1 1 Slﬂe + z
Su 3 3 sin2u - = (—) Q)In|——=%|(+C
— + —sin2 — sin4u . 1
16+16sm u+6481n + 6 2\2 sm@—i
1
— —sin*2u+C 3 1
s 48 ) (cos@ - \/7—) (sinO - 5)
=1 sin~l(e*) + = sm[2 sm‘l(e")]+ =3 In NG 1 +C
3 1 (cos@ + —) (sin@ + E)
— sin[4 sin‘l(e")] — —sin’[2sin" ()] + C 2
64 48
5 1 1 Since sinf = Ztl and cosf = —ﬁ—
= 2 sinl (@) + eV - e e AT W rr il
3 erefore
il 2 02X
+tige Vi—e "(1 2e ) / dx _1 e+ -2V xh |
- ée3"(1 - ez")3/2 +C. x(@? +x+ D2 2 F+2+2va2+x +1
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xdx 5

68. /—— Let u =x
4x4 4 4x2

XA AT ES du =2xdx
du

1
_5/4u2+4u+5
1 du Let w=2u+1
= — —_— w=2u
2t 1214
Qut D +4 = 2du

et () e

1 (. 1
= —tan = .
3 (x +2)+C

76.

70. Use the partial fraction decomposition

1 _A Bx +C
BHxl4x x 2Hx+l
_A@?+x+1)+ Bx?+Cx
- 23 +x2+x

’A+B=O

A+C=0=>A=1, B=-1, C=-1.

A=1 80.

Therefore,

f dx
3 +x2+x
d 1
f i ,/.xzj-cl-—;+1dx Letu=x+%
du =dx

U+ 5

=ln|x|—f—%du
u2+z

1 1 2x +1
=Inlx| - =In(x>+x+1 ——tan_l(—)-q-c,
2 ( ) V3 V3

72. /e" sec(e*)dx Letu =e¢*

du = e*dx
= /secudu =In|secu +tanu| + C
= In|sec(e*) + tan(e™)| + C.

d
74. ‘/W%T Letx=(u+1)3
dx =3@w+1)%du

2
=3/Mdu=3f(u+2+l)du
u
—3( +2u +ln|u|)

= §(x1/3 —1)2+6(x'P-1)+3mx'P-1]+C.

78.

OTHER REVIEW EXERCISES 6 (PAGE 388)

xdx = xdx Letu—-2x+1
V3 —4x —4x2 Va-Q@x+Dr
1 u—l

V —u

4—u2—zsin‘1 (%)+C
1 1 1
=—Z\/3—4x—4x2—zsin_l <x+§>+C.
f«/ +eXdx Letu’=1+¢e"

2udu = e* dx
_ /‘ 2u?du _
=] a—5=

2
/( u2_1>du
1 1
= 2 —_—
/( +u—1 u+1)du
-1
]+c

+1
J14+er—1 .
J1+er+1

By the procedure used in Example 4 of Section 7.1,

=2 +1n|2
u

=2J/14+e¢*+1n

fe" cosxdx = %e‘(sinx +cosx) +C,

fe" sinxdx = %e‘(sinx —cosx)+ C.

Now

f xe* cosxdx

U=x
dU =dx

dV =e*cosxdx
V= %e"(sinx + cos x)

xe*(sin+cosx) — 1 | e*(sinx + cosx)dx
2

xe* (sin + cos x)
- %e‘(sinx —cosx +sinx +cosx) + C

% "(smx+cosx)— 5e* sinx + C.

Other Review Exercises 6 (page 388)

o0
/ x"e*dx
0

R
= lim x"e*dx
=0+ J.
R—>o0
U=x" dV =e*dx
dU =rx""ldr V=—-e*
R o0
= lim —x"e™* +r/ e dx
c—>0+ 0
R—>o0 c
o0
= lim c’e_c+r[ x e *dx
c—>0+ 0
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because limg_, o0 R"¢™® = 0 for any r. In order to en- Challenging Problems 6 (page 388)
sure that lim., o4 ¢"e™¢ = 0 we must have
lime— 0+ ¢ =0, so we need r > 0. 2. a) I, = /(1 _ x2)n dx
) R 1
4. / xix3=Rlim/ (——H’_‘ z)dx U=(1-x dv = dx
! Rt A * X dU = —2nx(1 —x¥)"ldx V=x
) 1
= Rleoo (111 x| — 3 In(1 + xz)) 1 =x(1—x%)"+2n /x2(1 —x?)"ldx
1 R2 In2 2 f 2 2yn-1
= lim - R = =x(1—=x)"=2n | (1 —-x"=1DA —-x)""dx
Jim 3 (e +1n2) : (11— ( (
Uy U gy =x(1—x%" —2nl, +2nl,_;, so
6. /—>f~=oo diverges 2n
0 x+/1—x2 0o X ¢ ges) I, = x(1=x" + Li_1.
1 2n+1 2n+1
Therefore f dx diverges 1
—1x/1= %2 ’ b) Let J, = | (1 —x?)"dx. Observe that Jo = 1. By
0
8. Volume = f060 A(x)dx. The approximation is (a), if n > 0, then we have
1
10 x(1 —x2)" 2n 2n
=22 Jy = Jnol = ———Jn_1.
T = 2[10,200+2(9,200+8,000+7,100 e I e L R w
+4,500 +2, 400) + 100] Therefore,
~ 3
~ 364, 000 m>. g2 2m-2 42,
"Tm+l m-1 53"
1 : [(@n)@2n —2)--- @@ _ 22 (n)?
10. I= /0 V2 +sin(rx)dx - @2n+ ! T @n+ D
1
Ty = g[ﬁ +2(v/2 + sin(r/4) + /2 + sin( /2) ¢) From (a):
V2 +sinGr/4) + V2 1 1
+ + sin(37 /4) + ] In—1=2n+ I,,——x(l—xz)”.
~ 1.609230 2n 2n
1 - - Thus
My = Z[\/z ¥ sin(z/8) + /2 + sin(37/8)
2\-3/2
V2 +sin(5m/8) + /2 + sin(77r/8)] f A=x)dx =13
~ 2(-1/2) + 1 1 _
~ 1.626765 _c/2+ Iip = —x( —xH~12
I1~1.6 -1 -
_ X
o0 2 - / 2 °
12. I=/ ——5—:-’_)6—3—4—_—{(1)6 Letx=l/t 1—x
2 ¥ dx = —(1/1%) dt .
_ /2 1/tY dr _ /2 tdt 4 Ip,= f x™(nx)"dx Letx=e™
Tl /Y +a/H+1 Jo 54241 0 dx = —e~' dt
o~ ~ m
Ty~ 04444 My~ 04799 - / e (— e dt
Ty ~0.4622 Mg ~ 0.4708 0
o]
S~ 04681  Si6 ~ 0.4680 — (=1 / e~ gr  Let u = (m + 1)t
0

I ~ 0.468 to 3 decimal places du = (m + 1)dt

(_l)n * n_—u
=——(m+1)”,/0 u"e " du
=

T (m+1y
_ (=1)"n!
T m+

C'(n+1) (see #50 in Section 7.5)
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1 —Kkx !

e 1 1

I=[ eX*dx= =—(1-=)
Le * —K 0 K( eK)

For very large K, the value of [ is very small
(I < 1/K). However,

1 1
Tio0 = — (1 + - - - —
100 = 7061+ > 100
1 1
= —(14--- _—
S100 300( +) > 300

1 1

Mo = —= (X0 +..) < —

100 100°

In each case the - - - represent terms much less than the
first term (shown) in the sum. Evidently Mg is smallest
if k is much greater than 100, and is therefore the best
approximation. Tjgo appears to be the worst.

a) f'(x) <0 on [1,00), and limy_, o f(x) = 0. There-

fore
fl If () dx = —fl f(x)dx
. R ’
= —Rll)moo 1 fi(x)dx
= Rli)moo(f(l) = fR) = f().
Thus
‘/oof/(x)COSde < foolf’(x)ldx — 0 as R — oo.
R R

R
Thus lim f/(x)cos x dx exists.
R—>0 Jq

CHALLENGING PROBLEMS 6 (PAGE 388)

b) foo f(x)sinx dx
1

U= fx) dV =sinxdx
dU = f'(x)dx V = —cosx
R [o¢]
= lim f(x)cosx +f f(x)cosxdx
R—o00 1 1

(e
— —fWeostt) + [ £y cosax;
1
the integral converges.

c) f(x) = 1/x satisfies the conditions of part (a), so

* sinx
——dx converges
1 X

by part (b). Similarly, it can be shown that

f * cos(2x)
dx converges.
1 X

But since |sinx| > sin?x = %(1 — cos(2x)), we have

00 | of 00 1 _
/‘ | sin x| dxzf 1 cos(2x)'
1 x 1 2x

The latter integral diverges because |, 1°°(1/x) dx
diverges to infinity while [ (cos(2x))/(2x)dx con-
verges. Therefore

00 | .t

sinx ) .

f Isinx] dx diverges to infinity.
1 X
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SECTION 7.1 (PAGE 398)

CHAPTER 7. APPLICATIONS OF INTE-
GRATION

Section 7.1 Volumes by Slicing—Solids of
Revolution (page 398)

Slicing:
1
14 =Jrf (1-ydy
0
1
=7 —12 =£cu units
y 2y e .
Shells: .
\% =271j x3dx
0
4 1
x
=27 | — = — cu. units.
71(4)0 2cuumts
y
Fig. 7.1.2
Slicing:
! 4
14 =7rf0 »y—yHdy
n12 L s 1 3jrc units
= =y - = = — cu. .
2> 757 ), T 10
Shells:
1
\% =271f J\:(J\:l/2 —xz)dx
0
=2r -2—x5/2 L = 3—” cu. units.
5 4 o 10
y
Fig. 7.1.4
138
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6. Rotate about

a) the x-axis

ls_Ls 2 cu. units
=7|l=-x"—=x = — cu.
3 5 o 15
b) the y-axis
1
V= 211/ x(x —xz)dx
0
=27 —1-x3 - l)c4 = — cu. units
3 4 0

Fig. 7.1.6

8. Rotate about

a) the x-axis
¥4
14 =7r/ [(1 +sinx)? — 11dx
071
= ﬂf (2sinx + sin? x)dx
0

b4

= (—27r cosx + %x - %sian)

0

1
=4r + zarz Cu. units.

b) the y-axis

¥4
\% =271f xsinxdx
0

U=x dV =sinxdx

dU =dx = —COsXx
T

T
+ f cos x dx]
0 0

=272 cu. units.

=27 [—x cosx
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10. By symmetry, rotation about the x-axis gives the same
volume as rotation about the y-axis, namely

X
3
5
=2r (—x2 - —x3 = x)
_ 5127 c it
a1 u. units

Fig. 7.1.14

16. Let a circular disk with radius a have centre at point
(a, 0). Then the disk is rotated about the y-axis which is
one of its tangent lines. The volume is:

2a
V=2x27rf xva?—(x—a)ldx Letu=x—a
0

du =dx
a
=47 | (@+a)ya?—u?du
—a
a a
=471f uva? —u?du +4wa va? —u?du
—a —a

1
=0+ 4na(§na2) = 27243 cu. units.

(Note that the first integral is zero because the integrand
is odd and the interval is symmetric about zero; the sec-
ond integral is the area of a semicircle.)

(x—a)?+y?=a®

Fig. 7.1.12

Fig. 7.1.16

) . T L 18. Let the centre of the bowl be at (0, 30). Then the vol-
14. The radius of the hole is \/R? — 7L?. Thus, by slicing, ume of the water in the bowl is

the remaining volume is 20
V= th [302 —y- 30)2] dy

L/2 L2 0
V=n/ [(Rz—xz) - (Rz——>:| dx 20 5
-L)2 4 =7 60y — y“dy
0

L? 1 Lz 20
=2 =x——=x3 1
JT(4X 3x)0 =7T[30y2_§y3]
_ T3 s g3 0
= gL cu. units (independent of R). ~ 29322 cm’.
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24 (y—30)2=30?
P

Fig. 7.1.18

20. The cross-section at height y is an annulus (ring)
having inner radius b — /a? — y2 and outer radius
b ++/a? — y2. Thus the volume of the torus is

a
V= nj [(b +a2—y)2 —(b—/a? —y2)2]dy
—a
a
= 2n[ 4by/a? — ydy
0
2
= Snb% = 27%a%b cu. units..

We used the area of a quarter-circle of radius a to evalu-
ate the last integral.

22. The volume is

— R
x1-2k

o0
—2k .
v ”/1 T e T2k,

12k T

=x li S
T 1am % —1

R-—>001—2k+

In order for the solid to have finite volume we need

1—2k <0, thatis, k>%.

24. A solid consisting of points on parallel line segments
between parallel planes will certainly have congruent
cross-sections in planes parallel to and lying between the
two base planes, any solid satisfying the new definition
will certainly satisfy the old one. But not vice versa;
congruent cross-sections does not imply a family of par-
allel line segments giving all the points in a solid. For
a counterexample, see the next exercise. Thus the ear-
lier, incorrect definition defines a larger class of solids
than does the current definition. However, the formula
V = Ah for the volume of such a solid is still valid, as
all congruent cross-sections still have the same area, A,
as the base region.
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26. Using heights f(x) estimated from the given graph, we
obtain

9 2
V= d
n [ (1) ax
~ %[32 +4(3.8)2 +2(5)% +4(6.7)* + 2(8)?

F48)2 +2(7)2 +4(5.2)% + 32] ~ 938 cu. units.

28. Using heights f(x) estimated from <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>